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STUDIES OF COLUMBIA GLACIER, ALASKA 

SURFACE VELOCITY VARIATIONS OF THE LOWER PART OF 
COLUMBIA GLACIER, ALASKA, 1977-1981 

By L.A. RASMUSSEN 

ABSTRACT 

A two-dimensional, internally consistent data set of geometry and 
flow variables is compiled for the lowest 15-kilometer-long reach of 
Columbia Glacier, a large, grounded, iceberg-calving glacier near 
Valdez, Alaska. This reach has surface velocities of the order of 
kilometers per year and ends at  the calving terminus, which has been 
receding for the past several years. 

The data set includes four variables: topography of the glacier 
surface, topography of the glacier bed, fields of surface velocity, and 
mass-balance distributions. The two topographies and the velocity 
fields are tabulated on 120 nodes of a 762.5-meter square grid. The 
mass balance, which measures the addition or subtraction of mass to or 
from the glacier, principally by snowfall or melting, is approximated as 
a linear function of altitude. 

The surface topography had been obtained earlier by applying the 
method of optimum interpolation to altitudes of irregularly positioned 
points determined photogrammetrically from vertical aerial photo- 
graphs taken 22 times between June 2, 1977, and September 1, 1981. 
The mass-balance functions and the velocity fields are given here as 
average values over the 21 intervening intervals. The bed topography 
inferred here is assumed to be unchanging over the 4.25-year period. 

Most photogrammetric points could be tracked over the intervals 
between flights, and the resulting displacements were converted to 
average velocities by dividing by the lengths of the intervals. The two 
components of these irregularly positioned vectors were manually 
contoured, and initial estimates of the velocity fields were made by 
interpolating values a t  the grid nodes. Errors in the initial estimates 
were estimated by using an assumed function that takes into account 
both the contour gradient and the density of original vectors near each 
node. 

Internal consistency in the surface velocity fields is  achieved with 

coefficients of each of the 21 mass-balance functions are treated as 
being 162 model parameters. The 205 component values for each of the 
21 intervals, both components being used only in the interior of the 
120-node grid, constitute 4,305 data values. As a result, the problem is 
well constrained, and the data set-the surface topography and the 
surface velocity directly, the bed topography and the mass balance 
indirectly-can be derived entirely from the aerial photography. 

The continuity equation'is applied to the total ice flux, not just to the 
surface velocity, so a factor is introduced to relate the average velocity 
in a vertical column to the surface velocity. The ratio of the average 
velocity to the surface velocity was calculated by assuming that (1) the 
minimum velocity over the entire period was half deformation and half 
sliding, (2) all the velocity increase above the minimum was due to 
increased sliding, and (3) the deformation followed Glen's flow law, 
with the value of its exponent being 3. Because the maximum seasonal 
velocity was about twice the minimum, the consequence of these 
assumptions was that the ratio ranged from about 0.90 to 0.95, with an 
average value of 0.936. Furthermore, the properties of the data set are 
only slightly sensitive to the assumed partitioning between the two 
types of motion. 

The data set was created for use in studying the mechanisms of 
glacier flow and calving. Therefore, apart from the assumptions in 
calculating the velocity ratio, no other assumptions were made about 
the flow mechanism. No such set of geometry and flow data has 
appeared before in the glaciological literature. 

INTRODUCTION 

BACKGROUND 

respect to the principle of conservation of mass. The interpolated 
velocity fields obey a centered finite-difference approximation of the 
continuity equation. Of all possible consistent fields, they are the ones 

Manuscript approved for publication November 18, 1987. 

Glacier is a large, calving glacier near Val- 
dez, Alaska (fig. 1). Although much of its bed is below sea 

that are closest, as measured by the estimated errors,. to the initial 
estimates. The adjustment of the velocity fields is cast as a minimiza- 
tion problem in which the bed altitudes a t  the 120 nodes and the two 

the 5-km-wide calving terminus, with aslight amount of 
ice flowing into the freshwater lakes along the lateral 

level, the glacier is not floating because the thickness of 
the ice overcomes the buoyancy force. Nearly all the ice 
discharge from this large (1,100-km2) glacier occurs at  
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FIGURE 1.-Index map of Columbia Glacier, Alaska. Arrows show direction of flow, the main ice stream being indicated by 
the longer arrows and by dots at  2-kilometer intervals from the head of the glacier. The September 1, 1981, terminus 
position is shown. U.S. National Weather Service stations are at Valdez (61°08' N., 146'21' W.) and at Cordova 
(60°30' N., 145'30' W.). 
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margins of the lower reach of the glacier. From the time 
of its first recorded observation in 1794 (Vancouver, 
1798) until 1978, its terminus pushed against a moraine 
shoal, the top of which is about 20 m below local mean sea 
level. 

Austin Post in 1974 conjectured that if a tidewater 
glacier retreats from its shoal, the retreat will become 
rapid and irreversible (Post, 1975). The U.S. Geological 
Survey began an intensive research program in 1977 to 
determine whether Columbia Glacier would retreat. 
Ground-based and boat-based fieldwork (Meier and oth- 
ers, 1978; Mayo and others, 1979; Sikonia and Post, 1980) 
was supplemented by vertical aerial photography (Meier 
and others, 1985a) and by airborne radio-echo sounding 
(Brown and others, 1986). A preliminary prediction of 
retreat was issued in June 1980 (Meier and others, 1980). 
The results of a continuity-equation model (Rasmussen 
and Meier, 1982), of a finite-element model (Sikonia, 
1982), and of a finite-difference model (Bindschadler and 
Rasmussen, 1983) all supported the preliminary predic- 
tion of rapid retreat and predicted a sharp increase in 
iceberg production. The finite-element model related 
calving to the buoyancy force and to subglacial runoff 
(Sikonia, 1982), and the other two models related calving 
to water depth (Brown and others, 1982). 

By the end of 1987 the terminus had retreated 3 km 
behind the shoal, so that the length of the main stream of 
the glacier was 64 km; however, the rate of retreat has 
been much lower than predicted by any of the three 
models. As the terminus retreated into the deeper water 
behind the shoal, both the ice velocity and the iceberg 
flux from the terminus increased by a factor of about 
four, to as much as 4 k d a  and 5 km3/a, respectively 
(Meier and others, 1985b; Krimmel and Vaughn, 1987). 

Although recent attention was originally motivated by 
concern for icebergs entering the channel to the oilport at  
Valdez, it was recognized that the collected data would 
be valuable in answering several questions in glaciologi- 
cal research in general: (1) What flow law best represents 
the motion, which is believed to be due mainly to sliding? 
(2) How should the boundary condition at the calving 
terminus be represented? (3) What numerical values for 
the parameters in the flow law give the best match to 
observed velocities? (4) How does the calving rate 
depend on glacier geometry and on the ice velocity field? 
Because calving velocity is defined as the difference 
between ice velocity and rate of advance or retreat of the 
terminus, accurate measurement of ice velocity is neces- 
sary to determine accurate calving velocity and, thus, is 
important to further investigation of the calving mecha- 
nism. The models may have overestimated the retreat 
rate because the calving rate was overestimated by the 
calving laws they used, or because the models did not 

properly account for the sharp increase in ice velocity 
that occurred in the early 1980's. These data could also be 
useful in studying the influence of the subglacial water 
regime. 

Especially valuable is the vertical aerial photography. 
I t  has been obtained from about five flights per year from 
mid-1976 through 1986, usually over only the 18-km-long 
lower part of the glacier, which includes the region of 
greatest speed and the calving terminus. The extreme 
roughness of the glacier surface (fig. 2) makes foot travel 
and even helicopter landings nearly impossible over most 
of the region, but the rough surface is highly suitable for 
photogrammetric analysis (Meier and others, 1985a). 
Because individual surface features of the glacier are 
generally identifiable for many months, their displace- 
ment vectors also can be determined. When the displace- 
ments are divided by the elapsed time between the two 
flights from which they were determined, they become 
average velocities over that period. 

The effort to extract as much information as possible 
from the vertical aerial photography began with publica- 
tion of the photogrammetrically determined coordinates 
(Fountain, 1982) for flights through September 1, 1981. 
All the earlier modeling had parameterized transverse 
variations of the glacier geometry and flow into one 
dimension along the glacier's longitudinal axis. The goal 
for future modeling was to treat those variations explic- 
itly. I t  was recognized that specifying velocity along with 
the bed and surface altitudes on the nodes of a square 
grid would facilitate such modeling work, especially 
finite-difference formulations. A 762.5-m square grid 
was established for this. Because both the original point 
coordinates and the midpoints of their displacements are 
irregularly positioned spatially, accurate interpolation 
was needed. The method of optimum interpolation was 
used to interpolate among the point coordinates to get 
surface altitudes on the grid nodes (Rasmussen and 
Meier, 1985). 

Mass balance measures the addition or subtraction of 
mass to or from the glacier; changes are due principally 
to snowfall and melting, which in glaciological research 
are termed "acc~mulation'~ and "ablation." When mass- 
balance values, along with bed and surface altitudes and 
velocities, are specified at  the grid nodes, the data are 
singly redundant. This is because the data must obey the 
equation of continuity, which expresses the principle of 
conservation of mass and is the basis for time-dependent 
models of glacier flow. If the data are not internally 
consistent in this respect, a model would begin by 
artificially redistributing the glacier mass to reconcile 
the inconsistencies. Model.results may be very sensitive 
to slight inconsistencies in the initial conditions they use 
(Hodge, 1985). 
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FIGURE 2. -Low-level oblique aerial photograph showing roughness of the glacier surface. The major crevasse valleys are about 20 meters deep 
l 

and 50 meters apart. Glacier flow is from left to right. U.S. Geological Survey photograph No. 75M5-56 by L.R. Mayo, October 8, 1975. 

PURPOSE AND SCOPE 

The purpose of this report is to describe the interpo- 
lation of the velocities to the grid nodes so that the data 
do obey the continuity equation. The data obtained from 
the vertical aerial photography are described in the 
section "Methods of Data Acquisition," which also 
includes a description of some independent data on bed 
topography and mass balance. The application of the 

continuity equation to the data at the grid nodes is 
detailed in the section "The Data Consistency Condi- 
tion," which also discusses the relation assumed between 
surface velocity and average horizontal velocity in the 
vertical column through a grid node. The section "Initial 
Estimation of Velocities" describes the transformation of 
the photogrammetrically determined displacement vec- 
tors to velocity vectors and the preliminary interpolation 
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of them to the grid nodes; it also describes how the error 
in that interpolation was estimated. The section 
"Methods of Data Interpolation Methods" relates how a 
linear algorithm for adjusting one velocity field (Rasmus- 
sen, 1985) was applied to the Columbia Glacier data; it 
also relates how that algorithm was used with the 
velocity fields for 21 flight intervals to estimate the bed 
topography and the mass-balance distribution. 

The sensitivity of the solution, to the values adopted 
for the bed topography and to the parameters defining 
the linear balance-versus-altitude functions, is described 
in the section "Resulting Data Set." Shortcomings of the 
derived data set are the main subject of the section 
"Discussion." The internally consistent velocity vectors 
for the lower part of Columbia Glacier (fig. 3) are 
tabulated in appendix A for 120 nodes of the square grid, 
for each of 21 flight intervals spanning the period June 2, 
1977, through September 1,1981. Although the terminus 
position is not used explicitly in the creation of the 
internally consistent set of glacier geometry and flow 
data, it is the variable to be used along with the data set 
in investigating the calving mechanism; therefore, ter- 
minus position, which is taken directly from the aerial 
photography, is included for convenience in appendix B 
in terms of the same grid, for the same period. As a 
result, this report, together with Rasmussen and Meier 
(1985) of the same U.S. Geological Survey Professional 
Paper series, contains values at  each grid node, for each 
flight interval, for every variable in the internally con- 
sistent set of geometry and velocity data for the lower 
part of Columbia Glacier for a 4.25-year period. 

METHODS OF DATA ACQUISITION 

Data for all the variables needed to create an internally 
consistent set of glacier flow data were obtained from 
vertical aerial photography and photogrammetry. These 
variables are surface topography, surface velocity, bed 
topography, and mass-balance distribution. Data for the 
first two variables were directly obtained photogram- 
metrically. Because fields of the first two exist for many 
time periods, it was possible to obtain data for the last 
two variables indirectly. 

Existing independent determinations of bed topogra- 
phy and mass balance are not adequate for creating a 
data set. Soundings of the bed are too sparse spatially, 
and, in the case of the airborne soundings, inferred bed 
altitudes are subject to large error. The mass-balance 
measurements are too sparse temporally. 

Owing to the lack of adequate independent information 
on bed topography and mass balance, the internally 
consistent data set was derived entirely from the photo- 
grammetric data. A redundancy implicit in the large 
volume of surface velocity and surface topography data 

was exploited to obtain the bed topography and the 
mass-balance indirectly, in a best fit sense. The bed 
soundings and mass-balance measurements that do exist 
were used only as a basis of comparison for the bed and 
mass balance estimated from the aerial photography. 

VERTICAL AERIAL PHOTOGRAPHY AND 
PHOTOGRAMMETRY 

The data set is derived from vertical aerial photo- 
graphs taken during 22 flights (flights 9-30) over the 
period June 2,1977, through September 1,1981 (table 1). 
Information on flights 1-8 and 31-45 is given by Meier 
and others (1985a). Flights 3-8 covered only the lowest 4 
km of the glacier. Flights 9-30 are the ones for which 
surface altitudes were carefully interpolated to the grid 
nodes (Rasmussen and Meier, 1985). Because surface 
topography is one of the elements of the data set, the 
interpolation of the velocity vectors is confined to the 
same period. 

TABLE 1. -Dates of aerial photography 
[Decimal year indicates time of flight; t=1978.000 at 0000 hours on 

January 1, 1978, and increases by 11365.2422 each day thereafter] 

Flight number Date Decimal year 

1977 

g . . . . . . . . . . . . . . . . . .  June2  1977.418 
10..  . . . . . . . . . . . . . . . . July 7 .514 
11 . . . . . . . . . . . . . . . . . Aug. 29 .659 
12..  . . . . . . . . . . . . . . . . Nov. 8 354 

1978 

13..  . . . . . . . . . . . . . . . . Feb. 28 
14..  . . . . . . . . . . . . . . . . Apr. 19 
15. . . . . . . . . . . . . . . . . . June 11 
16. .  . . . . . . . . . . . . . . . . July 30 
17 . . . . . . . . . . . . . . . . . Aug. 26 
18. .  . . . . . . . . . . . . . . . . Nov. 8 

1979 

19 . . . . . . . . . . . . . . . . . Jan. 6 
20 . . . . . . . . . . . . . . . . . Apr. 12 
21. .. . . . . . . . . .. . ... . Aug. 18 
22..  . . . . . . . . . . . . . . . . Oct. 20 

1980 

23 . .  . . . . . . .. . . . . .. . . Feb. 29 
24..  . . . . . . . . . . . . . . . .  May 12 
25 . .  . . . . . . . . . . . . . . . . July 22 
26 . . . . . . . . . . . . . . . . . Sept. 2 
27 . .  . . . . . . . . . . . . . . . . Oct. 30 

1981 

28 . .  . . . . . . . . . . . . . . . . Mar. 7 
29..  . . . . . . . . . . . . . . . . June 16 
30..  . . . . . . . . . . . . . . . . Sept. 1 
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FIGURE 3.-Surface topography of lower part of the glacier on September 1, 1981, from 1:50,000-scale topographic 
map prepared at 10-meter contour interval by Air Photo Tech, Inc., of Anchorage, Alaska, and smoothed by the 
author (Rasmussen and Meier, 1985). Part of the vertical aerial photography from which this map was prepared 
is shown in figure 4. Also shown (dots) are the 120 nodes of the square grid at which data are tabulated. 
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FIGURE 4.-Mosaic of five vertical aerial photographs of lower . 
part of the glacier taken from about 7,000 meters on September I,  
1981. North is to the top, and ice flow is toward the bottom. The field 
of view of the low-level oblique photograph (fig. 2), which was taken 
6 years earlier, is indicated by the arrows. Photograph by Air Photo 
Tech, Inc., of Anchorage, Alaska. Approximate scale is 1:100,000. 

The photogrammetric analysis of the photography 
from flights 9-30 was done by the U.S. Geological Survey 
Western Mapping Center at Menlo Park, Calif. The 
intricate crevasse pattern of the lower part of the glacier 
(fig. 4) provides many identifiable features throughout 
the region. The pattern is so pronounced that winter 
snowcover does not obliterate it. Because these natural 
features are irregularly positioned, interpolation was 
necessary to get surface altitudes at  the grid ncdes. The 
method of optimum interpolation was applied to the 
photogrammetrically determined coordinates of these 
features, which were subject to an error of about 3.5 m in 
the vertical, and resulted in surface altitudes at  the grid 
nodes that were accurate to between 2 and 4 m (Ras- 
mussen and Meier, 1985). The reduction of error results 
from the low spatial correlation of the altitude errors in 
the photogrammetric points and from the high spatial 
correlation of the altitude changes themselves. 

Surface topography is an explicit element of the data 
set. Its changes over time are also important, for the 
condition of internal consistency is expressed in terms of 
these changes. Although the error in the altitudes them- 
selves ranges from 2 to 4 m, the error in the altitude 
changes is probably much smaller, and the altitude 
changes are taken here to be correct to 0.1 m, as 
published. There are several reasons for this. 

One reason is that the errors in successive altitudes at  
any grid node are believed to be strongly, positively 
correlated. The error in the altitude change thus tends 
toward the difference between the errors in the two 
altitudes from which the change was calculated, as can 
readily be seen upon considering the statistics of a linear 
combination of correlated variables. If the errors in 
successive altitudes were perfectly correlated, the errors 
in the altitude change would be exactly the difference 
between the errors in those altitudes. The strong posi- 
tive correlation between the altitude errors is a result of 
the way the optimum interpolation algorithm was 
applied, which was not to the altitudes themselves of the 
photogrammetric points, but rather to the departures of 
those altitudes from a first approximation of the surface 
topography for the date of the flight from which the 
photogrammetric points were obtained. Interpolating 
among the altitude departures permitted use of photo- 
grammetric points both from the flight on a particular 

I date and from other flights near that date. In interpolat- 
ing the surface altitude at  a grid node for a particular 

I 
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FIGURE 5.  -Rate of change of surface altitude as a function of distance photography; the hand-drawn contour field is a smooth field that has 
downglacier and of time. For each grid row (fig. 7) the rate is the same average values over these periods. The contour interval is 
averaged across the width of the glacier. What is measured photo- 10 meters per year, and a positive value (stippled) indicates a rising 
grammetrically is the average rate between successive dates of aerial surface. 

date, one-third of the photogrammetric points used were 
from the flight on that date and the others were from 
other flights (Rasmussen and Meier, 1985, fig. 16); for a 
photogrammetric point to be used, it had to be within 1 
km of the grid node and within 0.4 a of the date. These 
ranges are large compared with the average interval 
between flights (0.2 a) and the grid spacing (762.5 m). 

As a consequence, the altitudes interpolated to a grid 
node on two successive dates were based on many of the 
same photogrammetric points. The error in the vertical 
coordinate of such a point would influence the errors in 
the two interpolated altitudes in similar ways. The two 
influences are not identical because of changes over time 
in the composition of the set of photogrammetric points 
used to interpolate for a particular grid node, and 
because of changes in the differences between the time 
coordinates of the points and the date for which the 
altitude is being interpolated. 

There is believed to be little node-to-node variation in 
the error in the altitude changes. This is suggested by 
the regularity of the spatial variation of the altitude 
change between any pair of successive flights (Ras- 
mussen and Meier, 1985, app. B). Systematic error-in 
which all photogrammetric points on a particular date are 
in error by an amount that is constant or is weakly 
varying in space-would not be revealed by plotting the 
altitude changes. In an internally consistent data set 
derived entirely from photogrammetry, a systematic 
error would be incorporated as a distortion of the 
inferred mass balance. At least one such systematic error 
is, indeed, believed to exist, as will be mentioned later. 
The spatial regularity of the altitude changes probably is 
due to the sharing of photogrammetric points from node 
to node. 

The altitude change over the lower part of the glacier 
is shown in figure 5 as a function of time and, by 
averaging across the glacier width, as a function of 
distance downglacier. The most prominent feature of the 
change is its synchronism, for no waves are discernible. 
The change has an annual oscillation-generally rising in I 
winter, falling in summer-with an amplitude about the 
same size as the annual amount of the long-term rate of 
surface lowering during 1977-81. The long-term lower- 
ing over this period was about 10 m at the top of the 
region and about 20 m at  the bottom, resulting in a slight 
steepening of the surface slope. 

Another reason why the altitude changes are taken to 
be correct is that, when the condition of internal consis- 
tency is imposed, errors in altitude change have a much 
smaller relative effect on velocity than the relative effect 
errors in velocity have on altitude change. For example, 
if the grid spacing in a centered finite-difference approx- 
imation of the continuity equation were equal to half the 
ice thickness, then a 1-m/a error in the rate of thickness 
change would correspond to a 1-mla error in velocity; this 
is significant because the velocity is of the order of 1,000 
m/a and the thickness change is of the order of 10 m/a. 
Moreover, adjustment of altitude changes would have to 
be done implicitly within a process of explicitly adjusting 
the altitudes themselves, and it is not obvious how this 
should be done. 

A third reason why the altitude changes are taken to 
be correct is that they are just as numerous as the 
velocity vectors: there is a separate value for every flight 
interval, for every grid node. If the condition of internal 
consistency were achieved by adjusting the altitudes as 
well as the velocities, there would be no variance left 
over from which to estimate the bed topography or 
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mass-balance distributions. The decision was made to 
adjust the velocities rather than the altitudes because 
the altitudes had already been subjected to the method of 
optimum interpolation, whereas the velocities were still 
in the form of raw data. 

The displacement of a point from the date of one flight 
to the date of the next was converted to a velocity vector 
by dividing displacement length by the elapsed time 
between the flights, the velocity being an average value 
over that interval. For each of the 21 flight intervals, 
both horizontal components of velocity were hand con- 
toured at  a scale of 1:50,000 to get initial estimates of the 
velocity fields. The number of displacement vectors 
declined from about 180 for flights early in the period to 
about 110 for those late in the period. For all flights, the 
photogrammetric points were distributed quasi-uni- 
formly over the region (Rasmussen and Meier, 1985, 
tables 1 and 3, fig. 7). There were slightly fewer displace- 
ment vectors than points because, for the displacement 
during the intervening interval to be determined, the 
same point had to be located on the dates of both flights. 

RADIO-ECHO SOUNDINGS AND STAKE MEASUREMENTS 

Radio-echo soundings of the bed were taken in 1978, a 
few from the glacier surface and many from an airplane 
flying about 850 m above the surface. Seven north-south 
and 12 east-west lines were flown over the lower half of 
the region. The airborne soundings were much more 
numerous than the surface soundings, but several diffi- 
culties-in recording echo arrival times, in correlating 
them with the airplane's horizontal position, and in 
determining airplane altitude-added to the deleterious 
effect of the great airplane altitude and led to an esti- 
mated 30-m error in the inferred bed altitudes (Brown 
and others, 1986). The 10 surface soundings (Mayo and 
others, 1979) were taken mainly along the lateral mar- 
gins of the lower half of the region. 

Measurements were made at  11 ablation stakes in the 
region from August 21, 1977, to September 3, 1978 
(Mayo and others, 1979). They covered the region well, 
but they spanned less than a quarter of the 4.25-year 
period of the data set. The dates of initial and final 
measurements corresponded fairly well with dates of 
aerial photography (flights 11 and 17), but only five of the 
stakes were read an additional time during the year, and 
only one of these was read more than once during the 
year. 

THE DATA CONSISTENCY CONDITION 

The only condition of internal consistency that is 
imposed on the data is the principle of conservation of 

mass, which is expressed by the continuity equation. As 
little as possible is assumed about the relation between 
the velocity field and the glacier geometry. This is done 
because the flow law-of ice masses generally and of 
Columbia Glacier particularly-is poorly known (Hooke, 
1981), because the abundance of photogrammetric data 
permits avoiding most assumptions, and because an 
independently obtained internally consistent data set 
may be a valuable tool for studying the flow law. Two 
things, nevertheless, did have to be assumed about the 
flow: the first was that the minimum velocity observed 
during the 4.25-year period of record was divided equally 
between sliding and deformational motion; the second 
was that the vertical profile of the deformational motion 
followed a power law with the commonly used value n = 3 
for the exponent. 

Earlier modeling work (Bindschadler and Rasmussen, 
1983), which did not benefit from the present abundance 
of data and which explicitly treated only the longitudinal 
component of the flow, used a set of initial conditions that 
was internally consistent with respect both to the conti- 
nuity equation and to a flow law; it was assumed that 
both the functional form of the flow law and the numer- 
ical values of its parameters were known. Internally 
consistent initial conditions are important to models so 
that the changes they compute in surface altitudes will 
represent realistic estimates of the glacier's dynamics. If 
inconsistencies exist in the initial conditions, a model will 
produce an artificial redistribution of mass to reconcile 
them. 

There are many uncertainties concerning the flow law. 
One is in knowing the correct functional form for the 
dependence of velocity on geometry, both for the defor- 
mational component and for the sliding component of 
motion. Another is in knowing the numerical values of 
the parameters appearing in any particular functional 
form. These uncertainties are compounded by the well- 
known fact that flow is not a function of just geometry; it 
also depends on temperature and other properties of the 
ice and, in the case of temperate glaciers, on the prop- 
erties of the subglacial water regime, which often vary in 
time, principally seasonally. 

I t  was not possible, however, to remain absolutely 
independent of the flow law while creating the internally 
consistent data set. Two assumptions about the flow had 
to be made; however, as will be shown, they have only a 
minor combined effect on the resulting data set. These 
assumptions were necessary because the continuity 
equation pertains to the flow through the entire thick- 
ness of the glacier, not just to the velocity at  the surface. 
Therefore, a means was needed of using the surface 
velocity to estimate the average velocity throughout the 
thickness. One assumption concerned the numerical 
value of the exponent in a power-law formulation of the 
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flow law, and the other concerned the amount of the 
motion that was due to sliding. 

Although some assumptions were made about the 
vertical variation of the flow, no assumptions were made 
about its transverse variation. Instead, the continuity 
equation was referred to two independent horizontal 
coordinates so that the full two-dimensional variation of 
a two-dimensional velocity vector could be represented 
explicitly. All rates-both surface velocities and mass- 
balance rates-are average values over the intervals 
between successive flight dates. 

PARAMETERIZATION OF THE 
VERTICAL VARIATION OF VELOCITY 

The average velocity throughout the thickness of the 
glacier is some fraction y s l  of the surface velocity; the 
two are equal and y = l  only in the special case when the 
motion is due entirely to sliding. Although y is in reality 
a property of the velocity profile, the following mathe- 
matical development can be expressed more concisely if 
it is associated with thickness instead. Because the 
surface velocity is the variable that is obtained explicitly 
from the photogrammetric points, it is more convenient 
to think of y as scaling the thickness instead of the 
velocity. Where h is the thickness, Z=yh is termed the 
"characteristic thickness." The product of k and the 
surface velocity is the same as the product of h and the 
average velocity. Both of these products are simplified 
representations of the flux, which is actually the integral 
of the vertical profile of velocity from the bed to the 
surface (fig. 6). This representation of the flux in terms of 
the surface velocity is based on the assumption that the 
direction of flow is constant with depth. 

Where S is the magnitude of the velocity vector V at  
the glacier surface, the product kS is the flux. The factor 
y depends on the numerical value of the exponent n used 
in the flow law assumed for the deformational component 
Sd of the ice motion, and it depends on the relative 
contributions of the deformational component and the 
sliding component Sb to the total motion S=Sd + Sb. Thus 
(Rasmussen, 1985, eq. 5), 

from which y = l  only for pure sliding motion, S=Sb. 
It is generally believed that the deformational compo- 

nent depends on the gross geometry of the glacier (Nye, 
1952), whereas the sliding component depends on the 
geometry and also on the subglacial, liquid phase water 
(Bindschadler, 1983; Kamb and others, 1985). The gross 
geometry is defined by the glacier's surface topography 
and its bed topography. Changes during the period 
1977-81 in the bed topography are unknown, but they are 

FIGURE 6. -Assumed vertical profile of velocity in the direction of 
flow. In this direction the magnitude of the flow vector is the speed 
S. The sliding component Sb- is constant with depth, and the 
deformational component Sd follows a power law govgned by the 
exponent in the flow law. The characteristic thickness k is a fraction 
of the total glacier thickness &between the surface altitude Z and the 
bed altitude B. Its product hS with the surface speed S=S,+S, is 
equal to the integral of the vertical profile S(z)  through the actual 
glacier thickness. 

assumed to be negligible. Changes in the surface topog- 
raphy during this period (Rasmussen and Meier, 1985) 
also are small, especially compared with later changes 
(Meier andothers, 1985b), and would produce a change of 
only about 2 percent in Sd (Meier and others, 1985a, p. 
34). 

Thus, at  any point on the glacier, the variation in the 
total velocity-with high speeds the order of twice the 
low speeds-must have been due almost entirely to 
variation in the sliding component, which is believed to 
be due to large but unmeasured changes in the state of 
the subglacial water. In addition, the sliding component 
may well account for more than the variation above the 
lowest speed, because part of the lowest speed itself may 
be due to sliding, The extreme case-in which the lowest 
speed is taken to be due entirely to deformation, as 
assumed by Bindschadler and Rasmussen (1983, p. 5), 
and the sliding component is taken to vary from zero up 
to a value roughly equal to the deformational component 
-is rejected here. Instead, the deformational compo- 
nent is assumed here to be some fraction of the lowest 
speed, that is, Sd=+Smi,, in which Smi, is the minimum 
speed over the 1977-81 period. If this is substituted into 
equation 1, along with the relation S=Sd+Sb, there 
occurs 
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to get the value of y corresponding to the value of S at  
any particular time. 

This formulation for y is based on two assumptions. 
The first is that the changes in thickness and surface 
slope (fig. 5) are so slight over the period that changes 
induced by them in the deformational component of the 
motion are negligible compared with other uncertainties 
involved in using equation 2; thus, the deformational 

I component of the motion is taken to be unchanging over 
the period. The second assumption is that the small 
change of bed slope in the transverse direction permits 
use of vertical profiles of velocity having the same shape 
(Nye, 1965) throughout the solution region. 

Because the product term in equation 2 is small 
compared with unity, any errors in either n or 4 are 
transformed into a much smaller error in y itself. This 
effect is illustrated, for representative values of n and 4 ,  
in table 2. The smaller of these sources of error is n, 

TABLE 2 .  -Dependence of y on n and 4 
[The value S,,,/S=2/3 is used in equation 2. This is very near the 

value of the ratio as averaged over all 120 grid nodes, over all 21 
flight intervals. The number in parentheses shows the ratio of the 
indicated value of y to the value for n=3, +=0.5] 

which embodies the only assumption about the flow law 
entering into the data adjustment calculations. More- 
over, y enters the equations only in the form of the 

I product yh=&, in which relative error in h is believed 
I 

(Brown and others, 1986) to exceed relative error in y. 
The values of the ratio y that were used in the creation 

of the data set were calculated from the initial estimates 
of the velocity fie1ds:Calculating them from the adjusted 
velocities would introduce substantial additional nonlin- 
earity into the problem. As will be shown, only a small 
adjustment was needed to make the velocity fields obey 
the continuity condition. It is believed, therefore, that 
this discrepancy has a slight effect compared with the 
effects of other sources of uncertainty in specifying y . 

In creating the data set, the commonly used value n=3  
was used for the flow-law exponent, and 4 =0.5 was used 
to express the assumption that the minimum velocity 
was due in equal parts to deformation and sliding. This 

was chosen as a value intermediate between two unreal- 
istic extremes: (1) that all the minimum velocity was due 
to sliding (+=O), rejected on the basis that the existing 
surface slope imparts shear stresses, which drive the 
deformational flow; and (2) that all the minimum velocity 
was due to deformation (+=I), rejected because the 
minimum velocity is much greater than deformation 
could produce by itself. From equation 2, then, 0.9=y1 
1, so that y=0.90 when S=Srni, and y=0.95 when 
S=2Sm,,. The average value of y was 0.936, when 
averaged over all 120 grid nodes, over all 21 flight 
intervals. 

APPLICATION OF THE CONTINUITY EQUATION 

A mathematical framework must be established for 
expressing the continuity equation. This requires a con- 
tinuous coordinate system, to which the velocity vectors 
can be referred, and a square grid for use in approximat- 
ing their spatial derivatives. The continuity equation is 
expressed in exact form in the continuous coordinate 
system and in finite-difference form on the grid. 

Coordinate systems are chosen following conventional 
usage. Just as north is conventionally toward the top of 
the page and east is to the right, the x-axis is chosen to 
be positive to the right and the y-axis positive to the top. 
The origin of the x, y coordinate system is positioned so 
that (fig. 7) 

UTM Easting-490,000 m 
UTM Northing-6,750,000 m 

Here the factor accounts for the fact that the Universal 
Transverse Mercator (UTM) surface is, at  the latitude of 
Columbia Glacier, beneath the surface of the Earth. The 
vertical coordinate x is positive above local mean sea 
level. 

In this coordinate system, the continuity equation may 
be written as 

in which all variables are functions of x, y, and t. The 
horizontal velocity vector V has components u and v in, 
respectively, the x and y directions. The balance rate 6 
is in ice equivalent. The time rate of change of thickness 
h is taken to be equal to the time rate of change of the 
surface altitude 9, which is equivalent to setting the time 
rate of change of the bed altitude B to zero. This is done 
on the assumption that both glacio-isostatic adjustment 
since the 1964 Alaska earthquake (Plafker, 1969, p. 33) 
and glacial erosion were negligible over the 4.25-year 
period of the data set. When the equation is referred to 
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FIGURE 7.-Solution region grid nodes. The symbols u, v, and V 
indicate for each of the 120 nodes whether one, the other, or both 
velocity components are adjusted there. Row indices and column 
indices refer to the 762.5-meter, 71-by-63, square grid that covers 
the entire glacier. 

the Columbia Glacier data, all variables are averages 
over the interval between successive photography 
flights. 

Density does not appear explicitly in this version of the 
continuity equation. If the glacier density is assumed to 
be known, then the balance rate is also in those units. 
Rather than specifying this to be the density of ice, it is 
taken to be the bulk density of the glacier-a combina- 
tion of ice, air, liquid phase water, and rock-and it is 
assumed to be constant in space and time. The most 
significant exception to this assumption of spatial con- 
stancy is probably the region very near the terminus, 
which the grid nodes barely reach. This assumption of 
constant density does not apply to winter accumulation of 
snow, which is at a much lower density. Thus, a special 
interpretation must be made of observed altitude 
changes and inferred mass-balance values during winter; 
this is discussed in the section "Resulting Data Set." 

Conventional matrix notation-with the row index i 
increasing down the page and the column index j increas- 
ing to the right-is used for denoting the nodes of the 
square 71-by-63 finite-difference grid, which is chosen to 
cover the whole glacier so that 

The 762.5-m spacing resulted, in the early days of the 
Columbia Glacier research program, from the combina- 
tion of a particular graph paper and map scale. The 
irregularity of equations 5-with j related to x and i 
related (negatively) to y-is a consequence of following 
conventional notation for the coordinate systems them- 
selves. The relations could have been regularized only by 
adopting unconventional notation, either for the grid 
indices or for the x,y system. 

A centered finite-difference approximation of equation 
4 is 

Because the right side of equation 4 is the flux diver- 
gence, Fij is the flux divergence scaled by 2Ax. Equation 
6 is applied at the 77 interior nodes of the solution region 
(fig. 7): at  rows i=50-53, 55-60 for column j=20; at  
i=50-61, 63, 64 for j=21; at i=50-67 for j=22; at  
i = 54-68 for j = 23; at  i=57-67 for j=24; and at  i=5947  
for j=25. The full vector V is defined at 85 nodes, only 
the u-component at  29 nodes, and only the v-component 
at  6 nodes. The tangential component at a boundary node 
does not enter equation 6, and therefore is undefined 
there. 

INITIAL ESTIMATION OF VELOCITIES 

The first step in obtaining internally consistent veloc- 
ity data is to transform the photogrammetrically deter- 



SURFACE VELOCITY VARIATIONS OF THE LOWER PART OF COLUMBIA GLACIER, ALASKA, 1977-1981 H13 

FIGURE 8.-Adjusted velocity, averaged from June 2, 1977, ) 
through September 1, 1981. Both the v-field (solid) and the u-field 
(dashed) are hand contoured from the adjusted values at  the grid 
nodes, following the u-v pattern of figure 7; the contour interval is 
100 meters per year. 

mined displacements into velocity vectors. For each of 21 
flight intervals L=9,10,. . . ,29, each velocity component 
was contoured separately as a function of x and y. The 
displacement components were converted to velocity 
components by dividing by the length At of the interval, 
and they were plotted at the midpoint of the photogram- 
metric point's trajectory (Fountain, 1982). Because the 
strain rates in this region of the glacier are so low, and 

1 
because the time intervals between flights were so short, 
the error in doing this is negligible (Rasmussen, 1983). 

The contouring was done by hand at a scale of 1:50,000, 
at a contour interval of 50 m/a. Of 2,909 photogrammetric 
displacements available for contouring the 21 pairs of 
u-fields and v-fields, 39 were disregarded as being aber- 
rant. These disregarded displacements originated, pre- 
sumably, because occasionally one point on the glacier 
surface was mistaken for another during the photogram- 
metry, so that the line segment joining the position of 
one point on one date to the position of some other point 
on the next date was mistakenly interpreted as being the 
true displacement of the first point. Apart from disre- 
garding the 39 aberrant displacements, the contouring 
was done as if the original data were exact; that is, no 
intentional smoothing or revision was attempted during 
the contouring. 

Values for each component were then interpolated 
visually at each of the 120 grid nodes. Because the 
number of nodes is comparable to the number of displace- 
ment vectors, interpolating to the nodes did not alter the 
scale of definition of the data. The u-field and v-field 
averaged over the 4.25-year period of the data set-as 
weighted by the lengths of the individual flight intervals 
-are shown in figure 8. Fields for individual intervals 
would roughly resemble the long-term average fields if 
all contour labels were to be multiplied by a factor that 
ranges, from interval to interval, from about 0.7 to about 
1.4. The variation in time for three of the nodes is shown 
in figure 9. (Although the adjusted velocity vectors are 
the subject of later sections of this report, they are the 
ones that are shown in figs. 8 and 9. The adjusted vectors 
are more significant than the initial estimates and differ 
little from them.) 

The initial estimates of the velocity components are 
tabulated in appendix A for all 120 nodes, for all 21 flight 
intervals. Although the tangential components at the 
boundaries are not adjusted, they are indirectly part of 
the data set. They are used in equation 2 in forming the 
velocity ratio y. 

5 10 
x. IN KILOMETERS 
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FLIGHT NUMBER 

FIGURE 9. -Adjusted velocity as a function of time at three selected grid nodes (fig. 7), June 2, 1977, through September 1, 1981. The downglacier 
component -v is shown as average values over the periods between successive dates of vertical aerial photography. 

The errors E, and E, in the values of the components 
interpolated to a grid node are assumed to be propor- 
tional to the values of the gradients lvul and IVvl. The 
gradients are estimated from the initial contouring of the 
u and v fields and are averaged over a horizontal distance 
of about 1 km in the vicinity of the node. Several effects 
are believed to contribute to the errors. 

A reference value of 1 mm was taken as a measure of 
the combined effects of the human error, both in the 
placing of the contours and in interpolating between 
them to get the initial estimate of a value at  a grid node. 
Because the scale of the contour fields was 1:50,000, the 
1-mm error corresponds, for example, to a E5-mIa error in 
the if the average gradient was loo mla Per 
kilometer in the vicinity of the node. The. component 
error corresponding to the 1-mm error was adopted if the 
contouring was supported by a particular high density of 
photogrammetric displacement points in the vicinity of 
the node: three points, each 100 m from the node. 

The accuracy of the contours is assumed to be propor- 
tional to the spatial density of the photogrammetric 
displacement vectors in the vicinity of the node. To 
represent this, the error corresponding to a 1-mm con- 
touring error is scaled by 

f=15[1+70050+r~-1] -1  (7) 

The distances from the grid node to the M displacement 
points from which the contouring was done are denoted 
r1s r2s r35 ,..., I r,. In accord with the definition that 
the 1-mm error applies to the reference case when 
r,=r,=r3=100 m, the coefficients of equation 7 give f=l 

when that occurs. The coefficients were also chosen, 
subjectively, to give f=5 when the typical low density 
rl=y2=y3=1,000 m occui-s. The dependence off on y, is 
illustrated in figure 10. 

~ ~ ~ t h ~ ~  to €, and E, is the standard 4-m 
error ( ~ ~ i ~ ~  and others, 1 ~ ~ 8 5 ~ )  in determining the 
displacements of the photogrammetric points. This 4-m 

is a of the errors in determining a 
point~s positions at the beginning and at the end of the 
flight interval. These two errors are assumed to be 
uncorrelated with other, so that their resultant is 
assumed to be independent of the direction of flow. ~h~ 
4-m error is transformed into a velocity error by dividing 
by the length At of the interval. The position error is here 
arbitrarily assigned the same direction as the error 
obtained by scaling the gradients by f, to which it is 
added according to 

(~)=[f2+(4/At)2i(lV~12+ Vv1 2 )I l n ( ' V u I )  ivlll (8) 

Whereas the values of E, and E, are intended to be 
physically realistic, only their relative sizes from node to 
is node because have any they effect are used on the as creation weights of in the a data least set. squares This 

minimization and could all be scaled arbitrarily without 
affecting its result. The intent was that they be standard 
errors, which the 4-m displacement errors are. The E, at  
several nodes are shown in figure 11 for the initial 
estimation of the v-component for flight interval 25. 

The spatial and temporal distributions of the errors are 
summarized by the following average values 
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DISTANCE rl TO NEAREST DATA POINT, IN METERS 

FIGURE 10. -Data-density weighting factor used in estimating error in 
the initial estimate of the ice velocity at a grid node. The factor f (eq. 
7) is contoured, at  an interval of 0.5, as a function of the distances r, 
and r, of the two data points nearest the grid node. Two cases are 
shown: where the distance r3 of the third nearest data point is 500 
meters (solid) and where it is 1,000 meters (dashed). At r, = r, = 0, 
the value o f f  is 0.495 when r3=500 meters and is 0.506 when 
r3 = 1,000 meters. 

For the average for flight interval L, the i,j summation in 
equation 11 runs over all 120 grid nodes, but E, is defined 
on only the 114 nodes where u is adjusted and E, on only 
the 91 nodes where v is adjusted. 

The 114 (E,);,. and 91 (E,),,. are contoured in figure 12. 
The former, whose root-mean-square ( m s )  average is 27 
d a ,  are roughly uniformly distributed over the region. 
The latter, whose rms average is 67 d a ,  have a more 
pronounced spatial variation, with values on the high- 
gradient margin of the region (fig. 8) being two or three 
times greater than in the low-gradient interior. 

The EL, which range from 36 to 60 m/a over the 21 
flight intervals, are shown in figure 13. The rms average 
of the 21 values is 49 mta. Apart from the effect of space 

FIGURE 11.-Dependence of error estimate on velocity gradient and 
local density of data points. The contour field, drawn manually from 
values at the data points (x's), is the v-component for flight interval 
25 (July 22 to September 2,1980); the contour interval is 100 meters 
per year, and four intermediate contours (dashed curves) are 
shown. The values at the grid nodes (solid circles) are the estimated 
errors, in meters per year, in the estimates of the v-components at  
those nodes. The nine lowest rows of the grid are shown. The 
relation between error and gradient is readily apparent. That 
between error and data density is less so, because the density is 
more nearly homogeneous than the gradient is. The errors at the 
first and last nodes of the third row from the bottom, however, do 
illustrate the effect of data density; the much greater data density 
at the 42 overrides the fact that the gradient is about half again as 
strong there as it is at the 87. 

and time variations in the data-density factor f (eq. 7), 
the estimated errors are nearly proportional to the 
components of the velocity gradient (eq. 8). Because 
there is so little change over time in the shapes of the u 
and v fields, changes in the velocity gradient at  any point 
are nearly proportional to changes in the velocity there. 
As a consequence, the time variation of the EL roughly 
follows the variation of velocity (fig. 9). 

METHODS OF DATA INTERPOLATION 

If only one field of velocity vectors is available, there 
are numerous ways an internally consistent data set 
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FIGURE 12.-Spatial distribution of estimated velocity errors aver- 
aged from June 2, 1977, through September 1, 1981. Both the E, 
field (dashed) and the E, field (solid) are hand contoured from the 
values at the grid nodes, following the u-v pattern of figure 7; the 
contour interval is 20 meters per year. The values are unweighted 
averages over the 21 flight intervals. 

could be created. If the vector components-along 
with the surface altitudes Zij, their rates of change gij, 
the bed altitudes Bij, and the velocity ratios yij-are 
taken to be exact, then equation 6, with (2-B)y substi- 
tuted for h, could be used to solve for the balance rate bv 
at each node where the equation is applied. This would 
produce internally consistent values, but, if typical unad- 
justed velocity vectors are used, the would be wildly 
erratic. A variation of this would be to specify the hij, and 
to use the equation to solve for the gv, which would also 
be wildly erratic. This variation is what is done, essen- 
tially, when a numerical model operates on initial condi- 
tions that are inconsistent: the erratic gij cause the 
extraneous redistribution of glacier mass. 

Another variation, in the case of having only one field 
of velocity vectors, would be to take both the bij and Sv 
to be exact and to choose the Bij so that the data set is 
internally consistent. This would lead, however, to an 
underdetermined system of simultaneous linear equa- 
tions. Because equation 6 is linear in the hij, it is also 
linear in the Bij. The system is underdetermined because 
the equation involves a larger number of Bij than the 
number of nodes at which it is applied. In the case of the 
Columbia Glacier data, the equation is applied at 77 
nodes in terms of the BG at 120 nodes. 

Yet another variation, if only one velocity field is 
available, also leads to an underdetermined system at 
first, but it leads next to a well-behaved unique solution. 
I t  leads eventually, in the case of multiple velocity fields, 
to a solution in which both the Bv and the bij are 
estimated. It begins by assuming that values are known 
for all variables except the velocity vectors, for which 
only initial estimates exist. I t  is underdetermined 
because equation 6 is applied at only 77 nodes in terms of 
205 velocity components; both the u-component and the 
v-component are used at each of 85 interior nodes, and 
only the component normal to the boundary is used at 
each of 35 boundary nodes. A unique solution occurs upon 
imposing the requirement that the velocity components 
not only must satisfy the 77 applications of equation 6 but 
also must minimize a weighted least-squares measure of 
their differences from the initial estimates of them. A 
noniterative, linear algorithm exists (Rasmussen, 1985) 
for adjusting the velocity vectors to obtain this solution. 

When multiple velocity fields are available, the linear 
algorithm can be used as a component of a broader 
procedure for estimating the bed topography and mass- 

V error 

u error 

x, IN KILOMETERS 
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balance distribution. Where DL is the magnitude of the 
adjustment of the velocity field for flight interval L, the 
objective of the procedure is to choose the Bij and the bijL 
to minimize the sum of the squares of the DL for the 21 
intervals. In doing this, the bijL are assumed to follow a 
separate linear function of altitude for each flight inter- 
val; because a linear function can be specified with two 
coefficients, only 21 x2=42 balance parameters are intro- 
duced account for the bijL. The result is that the 
data-that is, the photogrammetrically observed surface 
altitudes and velocity vectors-are the sole determinants 
of the bed topography and mass-balance distributions in 
a way that is constrained only by the condition of internal 
consistency. 

Because the Columbia Glacier data set spans 21 flight 
intervals, there are 21X205=4,305 data values. When 
the 42 balance parameters are taken together with the 

\ 

120 bed altitude parameters, which are assumed to be 
unchanging over the period of the data set, there are a 
total of 162 model parameters. The gross data-to- param- 
eter ratio, thus, is a robust 4,305/162=26.6. The initial 
estimates of the velocity vectors are regarded as data 

1 

contaminated by error, rather than as model parame- 
ters. 

THE LINEAR ALGORITHM FOR ADJUSTING A SINGLE 
VELOCITY FIELD 

Once fields of the characteristic thickness h and the 
flux divergence F are set, the method of Rasmussen 
(1985) is used to make the minimum adjustment of the 
velocity field V, that is required for satisfying continu- 
ity, but the adjustment weights A, are chosen here to 
reflect the errors in the initial estimates of the velocity 
vectors (u,,~,),. Rather than scaling the adjustments by 
the magnitude of the initial estimate, so that the sum of 

I the squares of the relative adjustments is minimized, the 
weights are taken instead from independent estimates of 
the error, (E,)~ and (E,),, in each component of each 

i 
vector in the initial estimate of the velocity field. The 
quantity to be minimized then, for any particular flight 
interval L, is the norm: 

Here is the easily formed parallel flow field with 
the Fij=O and the aij formed by simply integrating 
equation 6 in the x-direction, and JIij is a stream function. 

Setting aNla+, to zero for all +ij leads to the system of 
simultaneous linear equations for getting the 

in which c , = ~ ~ / h  and c ,=c~h,  with E,=(E,)~/~ and 
~ , = ( c , ) ~ / h .  Thus, equations 12 and 13 of Rasmussen 
(1985) are applied to incorporate individual, independent 
estimates of the errors (E,)~~ and (E,),~ as the weights Aij. 

The vector field that satisfies the continuity equation, 
and that resembles the original field as closely as possi- 
ble, as defined by the weights, is obtained directly from 
the stream function that minimizes N: 

The linear algorithm must be applied four times to 
adjust one velocity field. Because the increments of the 
subscripts to + in equation 13 are all +2, all the row 
subscripts have the same even-odd parity, and all the 
column subscripts have the same even-odd parity. Four 
interlacing positionings of the + pattern are needed to 
cover the solution region: (row, column) = (even, even), 
(even, odd), (odd, even), and (odd, odd). The + on the 
(even, even) nodes, for example, produce u only on the 
(odd, even) and v only on the (even, odd) nodes, as given 
by equation 14. For a more complete description of these 
patterns, see Rasmussen (1985). The magnitude of the 
adjustment of an entire velocity field is, thus, the sum of 
the N-values for the four + positionings. 

In terms of the Columbia Glacier data, the rms adjust- 
ment DL for flight interval L is given by 

in which Gu=(u-u,)/E, and Gv=(v-v,)/E,. This is the 
quantity that is minimized when the four N values are 
minimized. The subscript 0 denotes the initial estimate of 
the component, and the unsubscripted component is the 
adjusted value. The summation convention is that i , j  run 
over all 120 nodes, but 6u=0 on those 6 boundary nodes 
where only v is adjusted and Sv=0 on those 29 nodes 
where only u is adjusted. The total adjustment over all 
21 flight intervals is 

I t  may also be decomposed node-by-node as 
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in which the summations run over the 114 nodes where u 
is adjusted and the 91 where v is adjusted, with 

and 

USE OF MULTIPLE VELOCITY FIELDS TO ESTIMATE BED 
TOPOGRAPHY AND MASS-BALANCE DISTRIBUTION 

A parameter-by-parameter method was used to find 
the bed altitudes and mass-balance values that minimize 
D. The bed topography is specified by the altitudes at  the 
grid nodes. The linear b (2)  functions were specified, for 
convenience, by their values 6,,, and 650, at x=100 and 
500 m. When such a function is applied to the surface 
topography Z(x,y), the spatial distribution of the mass 
balance is 6 [Z(x, y)]. 

In the beginning, rough estimates were made of the 
bed topography and the flux divergence. The bed 
inferred from the airborne radio-echo sounding was used 
in the lower part of the solution region, and it was 
continued at  about the same depth and shape into the 
upper part. The flux divergence F was assumed to be 
zero, which is equivalent to assuming that all changes in 
surface altitude were due entirely to the mass-balance 
process. 

In phase 1 of the method, the linear algorithm was 
applied-using these estimates of flux divergence and 
bed-to the velocity fields for all 21 flight intervals. The 
bed altitude at  a grid node was revised according to 
whether the linear algorithm generally increased or 
generally decreased the velocities at that node. Increas- 
ing the velocities increased the fluxes, which could also 
have been accomplished by associating a greater thick- 
ness with the unadjusted velocities, and therefore the 
estimate of the bed altitude at  such a node was revised 
downward to increase the thickness. Conversely, if the 
algorithm generally decreased the velocities at a grid 
node, the bed altitude there was raised. The amount by 
which to change a bed altitude is analyzed in the last 
section of Rasmussen (1985). 

In phase 2, the revised bed topography was used in 
conducting a set of 21 two-parameter minimizations to 
estimate the linear 6 (2 )  functions for each of the 21 flight 
intervals. For each flight interval, every time this was 
done, DL appeared to be a convex function of the two 
parameters hIm and 6,,,, which made finding the inter- 

val's minimum very easy. The function ~ ~ ( 6 ~ ~ ~ ,  6500j is 
absolutely independent of the values of bloo and b,,, 
used for any other flight interval. 

About six cycles were made through phase 1 and phase 
2. In subsequent cycles through phase 1, the revision of 
the B,,. was done by working from the inner, high- 
velocity nodes to the outer, low-velocity nodes. That is, 
the high fluxes were considered before the low fluxes. As 
the Bij approached the minimizing values, the adjust- 
ment for a particular Bij was generally done by taking it 
to be the minimum of the parabola through the three 
points D(Bij- 10 m), D(Bi,.), D(Bij + 10 m). This procedure 
was facilitated by the small effect adjusting the bed 
altitude at  one node had on the apparent minimizing bed 
altitude at  nodes more than two rows or columns away 
from it. Adjusting the bed altitude at  a low-velocity node 

I had almost no effect on the minimizing bed altitude a t  
any high-velocity node. 

About 300 evaluations of D were needed to perform 
one cycle through phase 1 and phase 2. Two evaluations, 
at  Bij-10 m and a t  Bij+ 10 m, were used a t  each of the 
120 grid nodes in phase 1. About 50 evaluations, each 
articulated into the 21 components D,,D,,, . . . ,DZg, were 
used in phase 2 to estimate the minimizing balance 
parameters. 

A systematic method-which would estimate all 162 
parameters simultaneously-would require vastly more 
evaluations of D. The Hessian matrix, which is usually 
employed, is a symmetric, real matrix that would be of 
order 162. I t  has 13,203 distinct elements, each being the 
mixed second derivative of D with respect to a particular 
pair of the parameters. Only those 840 second deriva- 
tives with respect to two balance parameters from two 
different flight intervals would be identically zero. As the 
finite-difference approximation of a mixed second deriv- 
ative requires four evaluations of the variable, D would 
have to be computed about 50,000 times to form the 
matrix. Once the matrix is formed, it is used to solve a 
system of simultaneous linear equations to get the esti- 
mated adjustments to the 162 parameters. The method 
does not produce the minimizing values of the parame- 
ters in one such step, but rather must be applied 
iteratively. 

There is no guarantee that any systematic method will 
converge or that, if it does, it will converge to a global 
minimum of D. Nor is there a guarantee that the 
parameter-by-parameter method has these properties. 
In the case of the Columbia Glacier data, however, the 
parameter-by-parameter method did converge toward 
an apparent global minimum. 

RESULTING DATA SET 

The result of the minimization procedure was an 
internally consistent, two-dimensional data set describ- 
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FLIGHT NUMBER 

FIGURE 13.-Temporal distribution of estimated velocity error and of the magnitude of the velocity adjustment. Both the emor EL and the 
adjustment DL are averaged over the 120 grid nodes of the solution region, and they are shown as average values over each of the 21 flight 
intervals. The number shown is 100DL, which is dimensionless, and the dotted line is the product DLEL, in meters per year. 

ing the flow and geometry of the lower part of Columbia 
Glacier for the 4.25-year period ending September 1, 
1981. The procedure adjusted initial estimates of the 
surface velocities, and it indirectly inferred both the bed 
topography and the spatial and temporal variations of 
mass balance. These quantities, together with the vari- 
ations in surface topography given by Rasmussen and 
Meier (1985), obey a centered finite-difference approxi- 
mation of the continuity equation (eq. 6). 

The parameter-by-parameter version of the minimiza- 
tion procedure was terminated when the total adjust- 
ment D (eq. 16) reached 0.427. Although this is not the 
absolute minimum, it is probably very nearly so. The 
partial derivatives of D were very nearly zero for all 42 
balance parameters and for all 120 bed parameters 
except those at low-velocity nodes at or near the mar- 
gins. No interpretation of the value 0.427 is offered 
except to note that it may indicate simply that the data 
errors were overestimated. 

The temporal distribution of D is shown in figure 13 in 
the form of the DL (eq. 15) and of the product DLEL. The 

I spatial distribution is shown in figure 14 in the form of 

I the (DJij and (D,)? Each of these distributions is 
roughly uniform, which indicates that the solution is not 
unduly controlled by conditions localized in either time or 
space. The most prominent exceptions to this rough 
uniformity exist in the cases of the last flight interval and 
in the region very near the terminus. 

The calculations were stopped short of finding the 
absolute minimum because the painstaking parameter- 
by-parameter method was so time-consuming and 
because the main objectives of the work had been- 
achieved. A data set had been created that was internally 
consistent and that was faithful to the photogrammetric 

data. I t  had been demonstrated that the bed topography 
and mass-balance distribution of an ice mass could be 
estimated solely from aerial photography and photo- 
grammetry. 

For the same reasons, the sensitivity of the results to 
the numerical value n=3 assumed for the flow-law expo- 
nent was not investigated experimentally, nor was the 
sensitivity to the part of the velocity during any partic- 
ular flight interval that was assumed to be due to 
deformation, an amount equal to half (+=0.5) of the 
minimum velocity over the entire 4.25-year period. A 
partial analysis of the sensitivity can be accomplished, 
though, by considering the governing equations and 
typical numerical values for the quantities involved. 

If the characteristic thickness h at any node were 
unvarying, the minimization could be performed by using 
the h,j as the geometry parameters, for the continuity 
equation constraint (eq. 6) is expressed in terms of them. 
However, variation does exist, though it is small com- 
pared with the average value of at any node. I t  is 
caused by the variation in Z as the surface topography 
varies and by the variation in y as the speed S of the ice 
flow varies. It is small because the variation of Z is small 
compared with the total thickness and because y varies 
over such a narrow range. If h did not vary, n and + 
would be used only for recovering the bed altitude B 
from and Z; as it is, given a provisional value of B, they 
are used to impart small changes to h as Z and S vary. 

To the degree that the Eij could be used as the 
geometry parameters, the balance parameters are inde- 
pendent of the values assumed for n and +. The balance 
is determined by the sum of the flux divergence and the 
change of the surface altitude. The continuity equation is 
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FIGURE 14.-Spatial distribution o f  the average velocity adjustment. 
The  fields are hand contoured from the (D,);+ and (D,),? values (eqs. 

concerned only with the flux itself, not with the parti- 
tioning of the flux into its three factors h, y, and V. 

The effect on the bed topography inference can be 
estimated from equation 2 if different values are consid- 
ered for either n or +. By differentiating it, dyl 
an= +Smi,l[S(n + 2)'~ and dy la += - Smi,l[S(n + 2)]. The 
two definitions h=yh and h=Z-B yield dhldy=- hly2 
and dBldh= -1. From the product rule, dBldn= 
h+~,~,l[sy~(n+2)~1 >O and dB/&$= - h~,,,/[sy~(n+2)1 
<O. For typical numerical values 5=500 m, S,,,/S=2/3, 
and y=0.95, along with the assumed values n=3  and 
+=0.5, a change of AB= +1 m will result either from the 
change Anln= +0.05 or the change A+/+ = -0.03. 

ADJUSTED VELOCITY FIELDS (1977-1981) 

The velocity fields are tabulated in appendix A. For 
each node, for each flight interval, both the initial 
estimate and the adjusted value, along with the esti- 
mated errors in the initial estimates, are shown for each 
component. The spatial distribution of their 4.25-year 
average is shown in figure 8. The temporal variation of 
the velocity at  three selected grid nodes is shown in 
figure 9. 

The minimization approach is susceptible to biases that 
may exist in the initial estimates of the velocity fields; it 
cannot detect them, and it will react to them by inducing 
compensating features into the inferred bed topography. 
For example, if a local maximum in the velocity field 
were consistently overemphasized in the contouring of 
the fields for the 21 flight intervals, the bed altitude in 
that region would be inferred to be too high. Raising the 
bed altitude reduces the thickness, and the product of the 
too-great speed and the too-small thickness would tend 
to yield a flux that is consistent with nearby fluxes. 

The initial estimates were made by hand contouring 
the component fields, a partially subjective process. 
Features may be missed that are only faintly expressed 
by the data, and others not expressed may be falsely 
perceived. Having a sequence of many fields probably 
lessens the amount of bias introduced. Having a greater 
data density would certainly lessen it. 

Two places where bias is suspected in the initial 
contouring are at  the bottom of the solution region, 
where the u-fields were hard to draw, and at  the top, 
where both the u-field and the v-field were hard to draw. 
Owing to the relatively lower density of photogrammet- 
ric displacements and the possibly greater complexity of 
the flow there, the contouring was difficult to do. Bias 
may also exist in places where contouring was easy to do. 

INFERRED BED TOPOGRAPHY 

18, 19). The  contour interval is 0.1. 
The inferred bed topography is shown in figure 15, and 

the altitudes at the grid nodes are tabulated in table 3. 
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FIGURE 15. -Inferred bed topography. Solid contours (50-meter inter- . 
val) are hand drawn from the altitudes (table 3) a t  the grid nodes. 
Dashed contours (20-meter interval) show the amount by which this 
bed differs from that inferred from airborne radio-echo sounding 
(Brown and others, 1986), a negative value indicating that the 
inferred bed is lower than the radio-echo bed. 

The contour field is not continued to the margins of the 
region because of the unreliability of the bed inference at  
the low-velocity nodes (fig. 8). The reliability at  a grid 
node is roughly proportional to the average velocity 
there. As the velocity goes to zero, so does the flux; when 
the flux goes to zero, the thickness and, hence, the bed 
altitude are no longer subject to the continuity equation 
(eq. 4). This effect is compounded at  the lateral margins, 
because only the generally weaker normal component u 
is used there. The bed altitudes along the margins, all of 
which are rounded to the nearest 10 m, were estimated 
on the basis of continuity with the topography in the 
interior of the region and on the exposed rock along the 
glacier margins. As noted earlier, the inferred bed 
topography will be distorted from the true bed topogra- 
phy in response to any bias in the initial estimates of the 
velocity fields. 

Also shown in figure 15 is a comparison of the inferred 
bed with that inferred in the lower half of the region from 
airborne radio-echo sounding (Brown and others, 1986). 
The principal difference is at  the margins, where the 
radio-echo bed is much higher. The east-west sounding 
lines ended inside the glacier margins; as a consequence, 
the envelope of their reflection lobes rose at each end of 
the sounding line and led to an artificially high indication 
of the altitude. The north-south sounding lines were well 
confined to the interior of the region, and the agreement 
between the two beds is much better there, although the 
series of closed depressions along the bottom of the 
valley shown in the radio-echo bed is not reproduced 
here; as each closed depression corresponds to the inter- 
section of an east-west line and a north-south line, the 
depressions are suspected (Brown and others, 1986) of 
being spurious features of the sounding record. 

The sensitivity of the solution to the bed parameters is 
shown in figure 16. The sharpest responses to experi- 
mentally varying a bed altitude are at the high-velocity 
nodes in the interior of the region. Along the low-velocity 
margins the magnitude of the velocity adjustment 
required to satisfy continuity is almost independent of 
the value assumed for the bed altitude. Evidence of the 
incompleteness of the solution is present at  a few nodes, 
near the margins in all cases, where the response curve 
does possess significant curvature but the adopted alti- 
tude is not at  its minimum. The curve for node (62,21) 
suggests, for example, that the minimizing bed altitude 
is about 5 m higher than the adopted value; the curve at 
node (61,21) suggests that the minimizing altitude is 

x. IN KILOMETERS 
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TABLE 3. -Inferred bed altitudes at indicated gnd nodes (rows 49-69, columns 19-26; see figs. 7, 15) 
[In meters above or below mean sea level. Values are given only on the grid nodes (shown in figs. 3, 7, 8, 12, 14-16) 

where the solution is computed] 

Column 
Row 19 20 21 22 23 24 25 26 
49 ....... 53 17 - 403 

about 3 m lower than the adopted value. Because the 
confidence in the bed altitudes at the margins is so low, 
it is not possible to predict from them whether Terentiev 
Lake (fig. 3) will remain a freshwater lake after the 
terminus retreats past i t  or whether it will become an 
arm of the fiord. 

INFERRED MASS-BALANCE DISTRIBUTION (1977-1981) 

The inferred mass-balance rates are shown in figure 17 
and tabulated in table 4. For convenience, the linear b(x) 
functions are specified by their values a t  x=100 and 500 
m, rather than by 6(0) and dbldx. The b(t) functions have 
reasonable accumulation rates of the order of 30 mm per 
day in winter and reasonable ablation rates of the order 
of 100 mm per day in summer. They have a regular 
seasonal progression except for the reversals in early 
1978 and, for hso0 only, during the winter of 1980-81. For 
15 of the 21 intervals they indicate a positive balance 
gradient d6ldz; the negative balance gradients, three of 
which occur in winter, are only mildly negative. The four 
most strongly positive gradients occur in spring-the 
season when the low-albedo ice is exposed in the lower 
part of the region and is still covered by the high-albedo 
snowpack in the upper part-of each of the 4 years. 

A special interpretation must be accorded mass- 
balance parameters inferred for winter periods, when 
the ice is overlain by lower density snow. This must be 
done because photogrammetry measures only the geo- 
metric surface altitude, not the altitude of the (lower) 
ice-equivalent surface. The initially inferred positive 
balance rates therefore should be discounted, say by half, 
and the subsequent negative balance rates should be 
also, up to the time when the cumulative negative rate 
becomes equal to the total winter cumulation of positive 
rates. Recovering the exact ice-equivalent balance 
change over some flight interval would require knowing 
both the thickness and the average density of the snow- 
pack, a t  both the beginning and the end of the interval. 

Systematic altitude error 8 2  in the photogrammetric 
analysis will be absorbed in the inferred model parame- 
ters in two ways. To a first approximation, the mean of 
82 over the 22 flights will affect the bed altitudes by that 
same amount, which is small compared with the amount 
the balance parameters are affected; the difference 
A(8Z) between the errors for successive flights, when 
divided by the length At of the intervening flight inter- 
val, will affect the balance parameters 6 for the interval 
by that ratio. The rate of change of the surface 2 will 
absorb that ratio directly, and 6 will absorb it with but 
slight modification. 
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1 If A(SZ)=l m and if At=0.2 a, for example, then 
6 8  =5 mla. From the continuity equation (eq. 4), 6 is the 
difference between 8 and the emergence velocity, 
-V . (hyV), in which the thickness value used is the 
height above the bed of the average surface altitude 

during the interval. The thickness error Sh will then be 
the average of the 6 2  for the two flights, less the 
21-interval average of 62. Even with a small thickness of 
400 m and a strong emergence velocity of 40 m/a, the 
error in the emergence velocity will be only 0.1 m/a for 
each meter of Sh. Because this is so small compared with 
62,  it can but slightly modify the absorption of 6 8  by 6 .  

A likely instance of systematic error is the photogram- 
metry for flight 14. If its error was 2 m more negative 
than for flights 13 or 15, 6 errors of -14.6 m/a in the 
interval between flights 13 and 14 (0.137 a) and of + 13.8 
m/a in the interval between flights 14 and 15 (0.145 a) 
would be produced. Subtracting these amounts would 
remove the reversal from the 6 (t) curves in figure 17 as 
well as from the Z (y,t) contours in figure 5 over the 
period 1978.160 5 t s  1978.442 between flights 13 and 15. 
No such reversal appears in any of the other years; nor is 
a reversal supported by the meteorological record (fig. 
18), which shows nearly constant precipitation and con- 
tinuous warming, interval by interval, through the first 
half of 1978 (flights 13-16). 

The foregoing would apply to a systematic error that 
was either constant or weakly varying spatially. Of the 
six cases of negative inferred balance gradient d61dx (fig. 
17), three could have been caused by a gradient in A(6Z) 
as weak as 1 m over the 15-km stretch from the lower 
part of the region (x-100 m) to the upper part (x=500 m); 
the three larger negative gradients correspond to a 
difference in A(6Z) of 1.5,2.0, and 2.8 m over the stretch. 
If any systematic error is plausible, a spatially varying 
error is plausible as well, for a separate three- 
dimensional triangulation model is used (Meier and oth- 
ers, 1985a, p. 7) for the overlap of each pair of photo- 
graphs in the sequence obtained on an individual flight. 
The flights followed a north-south line, so any model- 
to-model variation in the errors would be in the direction 
of the gradient mentioned. A sample of 58 points sur- 
veyed from the ground near the dates of three of the 
flights (Mayo and others, 1979) was insufficient to detect 
either spatial gradients or flight-to-flight variations in 

4 FIGURE 16. -Sensitivity of the velocity adjustment to bed topogra- 
phy parameters. The graph at each grid node shows the effect of 
changing the bed altitude at only that node, while the adopted bed 
altitudes are used at all other nodes, and while the adopted values 
of the mass-balance parameters are used. The curve is a parabola 
through the values D(Bii- 10 meters), D(Bij), D(Bij + 10 rheters) 
and is scaled by dividing by D(Bij). The adopted value of the bed 
parameter is Bij, and D is the magnitude of the velocity adjust- 
ment averaged over all 120 grid nodes, over all 21 flight intervals. 
The height of the vertical line through each grid node corresponds 
to an increase of D by a ratio of 1.001. The line occurs in the 
diagram in three different lengths, in the proportions 1:2:4. 
Because the solution is not absolutely optimum, the minimum 
value of the adjustment does not occur exactly at the adopted 
value of the parameter. 
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TABLE 4.-Inferred mass-balance rates at 100 (boo) and 500 meters 
(boo) above mean sea level 

[In meters per year of ice equivalent] 

Flight number bInn b- 

L O . . . . . .  

24 ...... 
25 ...... 
26 ...... 
27 ...... 
28 ...... 
29 ...... 
30 ...... 

6 2 ,  although it did suggest an average systematic error 
of +1.5 m (Rasmussen and Meier, 1985). 

The sensitivity of the solution to the mass-balance 
parameters is shown in figure 19. For each flight interval 
the range shown for each parameter is +5 mla. Because 
the average length of the intervals is 0.2 a, this corre- 
sponds to the order of +1 m in the cumulative balance 
change over the interval. For every interval, the most 
sensitivity is roughly in the direction of increasing or 
decreasing both 6,,, and b5,, together, and the least 
sensitivity is in the direction of increasing one and 
decreasing the other. Thus, the solution is more sensitive 
to the total amount of balance change over the region 
than it is to its spatial distribution. This is to be expected 
from the continuity equation (eq. 4) when integrated 
over the region: the integral of h is determined by the 
photogrammetry, and the integral of the flux divergence 
is approximately the difference between the flow into the 
region at  the top and the flow out of the region at  the 
bottom, so that the integral of 6 is tightly constrained. 

Comparison of inferred balances with stake measure- 
ments (Mayo and others, 1979) is sketchy (fig. 20). The 
calculated b(z) function for each of the three depicted 

periods-each consisting of two or more flight intervals 
-is a straight line, just as it is for any individual 
interval, because a linear combination of linear functions 
is itself a linear function. The variable b is the time 
integral of 6 over the indicated period. As all the stake 
measurements occurred within 8 days of the date of one 
flight or another, it is unlikely this discrepancy contrib- 
utes much to the scatter of the points about the line. 

In the AugustJune period the slope of the calculated 
line is consistent with the five measured values, but the 
balance is about 3 m more positive. In the subsequent 
June-August period the line has no gradient, whereas 
the six measurements faintly suggest a negative one, and 
it is about 1.5 m more negative. In the combined August- 
August period, for which more stake measurements 
exist, over a greater altitude range, the gradient of the 
line is comparable with that implied by the measure- 
ments, and it is about 1 m more positive. The most 
serious discrepancy between the lines and the measure- 
ments is that the measurements do not closely fit a linear 
function, or any simple function; this is perhaps because 
each stake is subject to highly localized conditions. 
Braithwaite (1986) estimated a standard error of 0.23 m 
water equivalent for stake measurements of the annual 
balance at  a site in Greenland. 

DISCUSSION 

No glaciological analysis of the interpolated velocities 
is contained in this report. Several conclusions can be 
drawn about the value of the data set for use in glacier 
flow models, however. The potential application of the 
velocity interpolation method to other ice masses is also 
considered. 

I t  is implicit in the way the velocities were interpolat- 
ed-being made to satisfy the continuity equation-that 
they are relatively free of noise. They should not, 
therefore, give rise to large, spurious redistributions of 
mass when used in numerical models of glacier flow. By 
contrast, as measured by equations 4 and 6, the initial 
estimates of the velocities are highly erratic. The inter- 
polated velocities also closely resemble the initial esti- 
mates of them, so it is unlikely any major systematic 
error was introduced. 

The possibly erratic values of mass balance inferred for 
some flight intervals should not detract unduly from the 
usefulness of the data set in dynamics calculations, which 
is its main purpose. In dynamic modeling, the mass 
balance is used only to modify the redistribution of mass 
determined by the calculated flow field; investigating 
how the geometry influences the flow field is the princi- 
pal challenge. I t  is fortunate, to this end, that the bed 
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FLIGHT NUMBER 

10 12 14 16 18 20 22 24 26 28 30 

FIGURE 17. -Inferred mass balance as a function of altitude and of time. 
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FIGURE 19.-Sensitivity of the velocity adjustment to the mass-. 
balance parameters. The adopted values of the parameters are (b,,)L 
and ( b,,), for each of the flight intervals L = 9,10, ... ,29 (table 1; 
flight interval 9 is the interval between flights 9 and 10, and so forth); 
these values correspond to the center (cross) of each contour field, 
where the magnitude of the adjustment of the velocity vectors for 
that flight interval is DL. The ratio D(bl,, b5,)/DL is contoured over 
the region b,,=( b1,),*5 meters per year increasing to the right, 
and &=(bs&25 meters per year increasing upward. In each 
contour field the progression of contours is 1.01, 1.05, 1.10, 1.20, .... 
Because the solution is not absolutely optimum, the minimum value 
of the adjustment does not occur exactly at the adopted values of the 
parameters. 

parameters are less strongly contaminated by photo- 
grammetric error than are the mass-balance parameters. 

There are two shortcomings of the data set. The first 
is that particular numerical values were assumed both 
for the flow-law exponent, n = 3, and for the part of the 
motion that is due to deformation, which was taken to be 
equal to one-half of the minimum velocity observed 
during the period. Although values were assumed that 
are believed to be physically reasonable, future modeling 
work might require the use of different numerical values 
for these two quantities. If a data set based on different 
numerical values is required for any purpose, revising 
the present data set will be a formidable task. The second 
shortcoming of the data set is that, although there is 
closure of the variable set with respect to the geometry 
and flow of the glacier, concurrent data do not exist on 
the state of the subglacial water regime, which is 
believed (Bindschadler, 1983; Kamb and others, 1985) to 
exert a profound influence on the part of the motion that 
is due to sliding. 

The solution is incomplete in two senses. The first is 
that the altitude changes are taken to be exact as 
published, which was done for the reasons given in the 
section "Methods of Data Acquisition." In a complete 
solution, errors would also be associated with these 
changes, which would be adjusted simultaneously with 
the adjustment of the velocity vectors. The second sense 
of incompleteness is that even for the reduced problem, 
in which the altitude changes are taken to be exact, the 
solution is not absolutely minimum. That is, the partial 
derivatives of D with respect to the 162 parameters are 
not all exactlv zero. 

Although h e  solution is not absolutely minimum, it 
appears to be a good one. The adjustments of the velocity 
vectors are small compared with the estimated errors in 
the initial estimates of the velocity vectors. The inferred 
bed topography and mass-balance distributions are phys- 
ically reasonable. This solution would probably be a good 
first approximation to finding one that is absolutely 
minimum. 

I t  is unlikely that a minimum solution would be of 
much more value than the one obtained. Although the 
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FIGURE 20. -Measured and calculated mass-balance values. The calcu- 
lated balance functions are for the three periods defined by aerial- 
photography flights 11, 15, and 17 (table 1). The stake measurements 
occurred (Mayo and others, 1979) from 2 to 8 days before flight 11, 
from 2 to 5 days before flight 15, and from 4 to 8 days after flight 17. 

assumptions that the flow-law exponent is 3 and that the 
deformational component equals one-half of the minimum 

velocity may be reasonable, the solution nevertheless 
pertains to only those values; refining the present solu- 
tion to make it absolutely minimum would yield no 
information on the sensitivity of the results to those two 
assumptions. As the solution approached the absolute 
minimum, it would become no less susceptible to what- 
ever spurious features might exist in the initial estima- 
tion of the velocity components and the errors in them, 
both of which are strongly influenced by the manual 
contouring of the displacement data. A greater density of 
photogrammetric points, and thus of the displacement 
vectors, would lessen this effect; photogrammetric anal- 
ysis of 1984 photography produced a density twice as 
great (Krimmel, 1987) as that of the 1977-81 photogra- 
phy, on which the work here is based. The true mass- 
balance distribution may contain gradients in x and y 
that are uncorrelated with changes in the glacier altitude 
in those directions, so that ignoring them by using linear 
&x) functions would inject artificiality into a minimum 
solution. The truncation error introduced by the finite- 
difference approximation of the continuity equation also 
distorts the solution. The value of a parameter appearing 
as part of an absolutely minimum solution is not neces- 
sarily the correct value physically. 

I t  is not possible here to prove that the data adjust- 
ment problem cannot be formulated as a variation of the 
standard multiple linear regression problem, a variation 
in which the ordinates are taken to be exact and the 
errors are associated with the abscissae. The continuity 
equation is a linear function of the model parameters, the 
B values and the 6 values. The ordinates would be the h 
values. The abscissae would be the velocity components 
u and v, with which the errors are associated. On the 
other hand, it is not possible here to devise such a 
formulation, either. The difficulty lies in there being 
some other terms involving neither the h values nor the 
parameters. 

The method of estimating the bed topography and the 
mass-balance distribution from photogrammetry may 
have application to other ice masses. Once a bed topog- 
raphy is adopted and a distribution of the velocity ratio y 
is specified, the balance distribution for subsequent 
periods could be obtained as the solution to a much 
simpler minimization problem than that in which the bed 
altitudes are also estimated. The model could be 
extended to more than the two parameters making up 
the linear b(z) functions used with the Columbia Glacier 
data-so that horizontal gradients or nonlinear trends 
might be estimated-and the minimization problem 
would still be relatively easy to solve. 

Appendix A, along with the report of Rasmussen and 
Meier (1985), comprehensively tabulates numerical val- 
ues for all the variables describing the flow and geometry 
of the lower part of Columbia Glacier. The resulting data 
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set is internally consistent with respect to the principle of 
conservation of mass, which is important because incon- 
sistent data can produce anomalous results when used 
with numerical models of glacier flow. Values are given 
on a two-dimensional grid, so transverse variations of the 
flow and geometry can be modeled explicitly, rather than 
being parameterized in the usual way. Having values on 
the nodes of a grid also facilitates making finite- 
difference approximations of spatial derivatives. The 
data are given for 21 separate time intervals spanning a 
4.25-year period. Nothing even approaching the richness 
of this data set has ever before been published in the 
glaciological literature. 

In addition, the feasibility of estimating bed topogra- 
phy and mass balance solely from aerial photography is 
established. Until now, aerial photography had been 
used in glaciology only for mapping the glacier surface 
and the surface velocity field; other, much more expen- 
sive, methods have been used to determine the bed and 
mass balance. The bed and mass balance not only are 
necessary in creating an internally consistent set of data 
for numerical models, but also are important for numer- 
ous other reasons. Perhaps the method described here 
could be applied to satellite imagery as well as to aerial 
photography. Greenland and Antarctica are such poten- 
tial applications. 
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APPENDIX A: VELOCITY FIELDS 

Given in the following tables are values for both 
horizontal components of velocity, for flight intervals 
9-29. Grid indices-rows 49-69 and columns 
19-26-refer to a section (fig. 7) of the 762.5-m square 
grid that covers the entire glacier. The three numbers at 

each node, all in meters per year, are the initial estimate 
(top), the estimated error in the initial estimate (middle), 
and the adjusted value (bottom). The initial estimate is 
shown for those nodes where only the other component is 
adjusted, because it is used in computing the ratio y (eq. 

I 1). 
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Flight interval 9 (June 2 to July 7, 1977) 

u-component v-component 
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Flight interval 10 (July 7 to August 29, 1977) 

u-component v-component 
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Flight interval 11 (August 29 to  November 8, 1977) 

u-component v-component 

19 20 21 22 23 24 25 26 19 20 21 22 23 24 25 26 

20 -150 -220 -215 -360 -380 
4 9 39 27 14 

-247 -360 -385 

70 40 -120 -240 -300 -130 -270 -420 -400 -330 
50 10 26 41 29 10 44 27 22 

72 40 -138 -239 -302 -294 -420 -404 

40 30 -50 -190 -270 -130 -320 -500 -520 -330 
5 1 7 8 34 25 14 42 38 45 

41 30 -73 -190 -271 -342 -498 -525 

0 50 50 -20 -60 -100 -360 -610 -710 -450 
52 4 7 20 38 28 46 53 55 

0 50 41 -17 -77 -389 -625 -693 

10 70 120 140 110 -80 -520 -710 -720 -500 
53 4 12 11 12 24 60 33 34 56 

10 70 115 139 110 -434 -700 -725 -501 

-30 -40 30 90 50 -520 -650 -670 -460 -70 
54 16 20 21 8 14 48 22 23 37 

-31 -32 36 88 50 -491 -654 -674 -454 

-50 -110 -120 -30 70 60 -50 -420 -630 -640 -460 -170 
55 15 15 15 22 21 16 50 24 24 58 

-50 -108 -119 -39 67 61 -423 -624 -628 -461 

-70 -100 -50 50 70 60 -80 -390 -640 -610 -470 -310 
56 13 22 26 26 23 18 59 24 31 53 69 

-70 -106 -50 65 69 60 -395 -618 -606 -471 -251 

-30 -10 70 150 120 80 20 -80 -380 -590 -570 -480 -330 -30 
57 9 21 28 20 20 21 15 57 21 16 43 61 

-30 -18 68 160 114 81 23 -364 -570 -566 -467 -278 

-10 50 150 190 160 120 20 -60 -330 -530 -525 -480 -360 -90 
58 11 28 27 20 18 18 11 70 27 12 21 53 39 

-10 24 145 217 160 122 22 -274 -518 -519 -478 -342 -82 

10 60 160 180 170 130 80 0 -30 -280 -505 -560 -490 -400 -200 -10 
59 24 26 22 15 17 16 13 27 77 33 18 17 38 51 

5 44 155 189 176 131 83 2 -274 -525 -541 -491 -420 -191 

0 55 140 165 160 140 100 -10 -10 -200 -430 -515 -510 -470 -300 -40 
60 35 27 18 15 11 17 11 20 91 45 19 19 29 57 

-2 47 126 174 171 140 100 -9 -237 -428 -511 -512 -491 -269 

30 100 135 140 130 80 0 -130 -370 -480 -530 -530 -390 -90 
6 1 38 23 15 12 11 15 13 105 53 24 19 36 69 

-4 87 144 148 128 79 2 -174 -437 -509 -546 -584 -424 

30 95 105 100 50 10 -270 -490 -585 -620 -520 -190 
62 23 17 15 16 12 13 50 28 23 22 57 

25 103 119 92 45 9 -294 -517 -596 -635 -481 

-75 -60 60 70 50 25 5 -50 -210 -500 -620 -670 -580 -310 
63 14 10 13 16 17 9 11 51 45 27 20 41 

-77 -60 66 79 36 23 8 -197 -522 -632 -687 -577 

-90 -40 10 -5 -20 -25 -80 -60 -180 -500 -670 -760 -640 -430 
64 18 8 11 16 21 11 7 42 53 27 21 46 

-91 -40 15 16 -42 -33 -80 -219 -501 -698 -768 -622 

-5 -25 -105 -120 -120 -120 -130 -550 -790 -900 -740 -400 
65 8 12 15 18 15 10 51 63 36 21 48 

-5 -20 -94 -149 -128 -117 -145 -537 -782 -884 -725 

-25 -80 -175 -230 -230 -70 -110 -670-1000-1050 -730 -200 
66 16 14 16 17 13 10 76 36 23 59 

-26 -74 -163 -243 -235 -70 -738 -985-1045 -714 

-50 -210 -270 -320 -240 -130 -190-1020-1330-1260 -610 -190 
67 39 22 14 19 20 22 80 46 45 116 

-42 -198 -266 -346 -250 -118 -1037-1269-1190 -663 

-370 -280 -310 -150 -1460-1700-1600 -400 
68 26 24 92 42 86 79 

-366 -314 -1373-1642-1383 -603 

-450 -2000 
69 150 

-1852 
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Flight interval 12 (November 8, 1977, to February 28, 1978) 

u-component v-component 
- 

2 6 19 20 21 22 23 24 25 26 

-240 -450 -455 
37 30 12 

-234 -443 -453 

-130 -330 -490 -500 -420 
41 27 22 

-307 -487 -484 

-150 -420 -620 -640 -440 
37 41 53 

-422 -650 -667 

-110 -470 -770 -830 -520 
57 64 63 

-507 -790 -869 

-85 -600 -900 -905 -640 
72 44 37 65 

-615 -890 -922 -677 

-600 -840 -870 -640 -120 
52 22 28 38 

-616 -841 -893 -633 

-50 -520 -800 -850 -690 -260 
59 28 25 61 

-518 -802 -842 -698 

-80 -540 -830 -850 -720 -380 
62 35 33 50 94 

-562 -823 -863 -717 -366 

-80 -500 -770 -760 -710 -420 -50 
62 26 15 58 88 

-513 -771 -766 -701 -402 

-70 -440 -710 -745 -710 -490 -100 
82 31 15 25 72 46 

-402 -719 -743 -689 -496 -122 

10 -30 -320 -660 -720 -725 -580 -280 -10 
30 91 46 17 14 55 62 

5 -312 -658 -713 -719 -617 -272 

20 -20 -210 -600 -710 -730 -710 -430 -30 
23 101 54 16 16 35 88 
2 1 -191 -549 -709 -740 -719 -403 

40 -100 -480 -700 -780 -870 -570 -90 
15 114 55 24 18 42 92 
39 -87 -476 -694 -787 -822 -546 

40 -370 -680 -830 -875 -690 -160 
15 61 31 25 21 60 
4 1 -338 -706 -846 -890 -650 

20 -60 -260 -680 -870 -925 -800 -200 
12 57 48 28 20 46 
2 1 -245 -717 -860 -934 -789 

20 -45 -180 -700 -920-1030 -870 -200 
8 41 39 29 24 54 

20 -216 -677 -907-1014 -862 

-10 -100 -720-1030-1130 -960 -100 
9 50 87 43 23 63 

- 9 -113 -687-1004-1132 -942 

-20 -100 -820-1160-1240 -970 -70 
10 85 41 21 74 

-19 -807-1164-1237 -926 

0 -170-1100-1400-1380 -800 -30 
22 95 46 25 92 

6 -1093-1362-1376 -896 

-1400-1670-1500 -500 
106 73 66 95 

-1286-1636-1487 -643 

-1750 
42 

- 1807 
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Flight interval 13 (February 28 to April 19, 1978) 

u-component v-component 

19 20 21 22 23 24 25 26 19 20 21 22 23 24 25 26 

0 -230 -340 -300 -530 -545 
47 39 18 

-280 -534 -544 

110 40 -210 -340 -380 -190 -410 -660 -640 -480 
13 31 55 46 18 53 37 36 

109 42 -179 -350 -379 -379 -642 -596 

60 20 -40 -300 -360 -210 -500 -800 -830 -500 
9 9 62 49 30 45 71 88 

59 19 -62 -262 -335 -496 -787 -769 

25 40 70 30 -100 -160 -560 -940-1000 -610 
6 13 27 44 43 83 73 64 

25 40 74 28 -82 -550 -968-1039 

25 70 140 210 130 -100 -640-1030-1050 -720 
6 19 25 22 33 94 74 64 75 

25 68 144 214 146 -712-1063-1101 -754 

0 -30 80 180 50 -680 -990-1010 -720 -150 
22 30 44 11 20 67 32 48 52 
1 -28 77 180 48 -717-1010-1033 -713 

-40 -140 -130 -20 110 100 -50 -650 -940 -980 -730 -300 
23 23 26 31 32 29 77 42 34 88 

-40 -136 -137 -36 116 101 -701 -976 -993 -795 

-50 -100 -40 100 140 120 -80 -740-1000-1025 -790 -380 
20 28 53 36 32 34 76 49 43 73 130 

-48 -88 -44 83 128 105 -731-1024-1028 -832 -427 

-15 0 150 280 210 140 40 -100 -730 -950 -950 -810 -440 -100 
10 32 45 38 20 35 25 89 34 30 43 102 

-15 15 141 255 213 133 38 -703 -962 -940 -815 -499 

0 100 300 350 280 190 70 -110 -640 -900 -900 -820 -530 -170 
17 43 50 37 25 29 17 110 50 23 29 88 61 
1 132 285 319 284 175 68 -607 -883 -904 -815 -532 -147 

20 130 330 350 310 230 110 -10 -55 -510 -830 -890 -860 -660 -310 -20 
34 41 44 22 22 29 21 37 122 66 27 22 71 83 
17 142 340 344 310 225 109 -6 -468 -767 -883 -847 -684 -267 

0 90 260 280 270 240 130 0 -20 -300 -730 -830 -860 -790 -500 -40 
43 35 24 22 18 26 22 15 118 61 27 29 45 112 
1 95 255 269 278 240 125 1 -315 -695 -837 -847 -792 -437 

30 190 240 250 240 140 40 -110 -580 -790 -880 -900 -610 -100 
32 29 22 17 14 22 19 90 68 34 29 45 102 
30 195 235 247 240 139 43 -101 -540 -796 -864 -885 -574 

90 190 200 180 130 50 -450 -760 -890 -930 -710 -250 
37 23 21 25 13 18 80 38 33 34 61 
87 180 203 188 130 53 -422 -783 -884 -933 -708 

-90 -20 120 120 100 70 30 -110 -330 -740 -900 -960 -800 -300 
19 13 12 20 27 16 14 67 44 34 31 72 

-91 -18 119 109 104 69 32 -357 -767 -899 -968 -781 

-100 -20 30 20 20 20 0 -75 -240 -710 -920 -990 -890 -250 
22 10 14 23 29 15 10 49 71 38 29 61 

-98 -19 25 17 28 18 1 -251 -713 -91.6-1005 -849 

10 -20 -90 -105 -70 -20 -170 -700 -960-1060 -910 -110 
8 18 20 23 20 13 56 97 47 26 66 

11 -24 -94 -108 -77 -18 -148 -678 -963-1044 -911 

-10 -110 -150 -180 -160 -30 -120 -770-1020-1080 -880 -40 
15 16 19 22 17 11 91 42 29 75 
-9 -114 -159 -177 -157 -29 -758-1041-1058 -805 

-40 -200 -230 -250 -175 -20 -190 -900-1080-1110 -660 -30 
15 19 14 15 14 20 69 46 36 78 

-38 -202 -236 -257 -174 -11 -862-1094-1125 -717 

-280 -330 -320 -110 -1030-1220-1060 -320 
21 15 74 59 55 63 

-284 -318 -926-1239-1073 -435 

-400 -1220 
37 

- 1233 



STUDIES OF  COLUMBIA GLACIER, ALASKA 

Flight interval 14 (April 19 to June 11, 1978) 

u-component v-component 

19 20 21 22 23 24 25 26 19 20 21 22 23 24 25 26 

50 -200 -350 -400 -630 -630 
50 41 18 

-396 -651 -626 

180 90 -120 -300 -320 -200 -500 -760 -750 -570 
15 33 56 45 20 57 37 35 
180 99 -144 -341 -317 -507 -771 -732 

90 50 50 -200 -300 -190 -580 -910 -920 -610 
11 11 69 56 36 53 79 101 
90 51 -37 -229 -284 -587 -887 -856 

10 80 140 110 -80 -150 -680-1080-1180 -750 
7 16 29 50 48 101 76 74 
10 82 127 78 -46 -673-1108-1198 

0 90 200 260 170 -110 -790-1170-1230 -890 
7 21 29 26 35 105 88 73 79 
0 93 192 252 179 -786-1197-1257 -876 

0 -10 120 160 80 -800-1180-1240 -880 -390 
27 34 50 12 27 82 37 54 53 
4 -19 70 161 81 -720-1165-1218 -861 

-100 -250 -210 -30 150 130 -100 -800-1150-1200 -850 -400 
30 24 27 36 35 32 84 44 40 95 

-106 -251 -196 -36 167 134 -843-1143-1229 -914 

-40 -50 -10 100 160 120 -200 -810-1200-1150 -850 -450 
28 35 58 50 46 42 94 54 59 105 160 
-37 -43 -14 86 143 112 -863-1174-1202-1050 -631 

-5 50 120 200 200 140 50 -240 -840-1210-1250 -920 -540 -150 
14 40 45 54 28 42 31 111 34 44 60 121 
-7 39 161 272 204 118 43 -836-1197-1243 -957 -606 

15 150 290 360 440 250 130 -160 -780-1060-1170-1050 -680 -240 
24 61 55 48 21 41 21 156 55 30 24 123 75 
18 147 280 400 440 223 128 -784-1083-1132-1024 -694 -187 

10 180 370 420 370 300 205 30 -50 -600 -970-1020-1020 -830 -400 -20 
56 74 57 22 25 37 28 48 221 86 28 25 89 111 
-21 177 330 409 403 324 199 41 -684-1028-1032-1009 -907 -390 

-30 100 330 400 345 310 230 70 -50 -420 -840 -930-1020 -950 -600 -40 
69 58 26 22 19 31 33 19 194 66 28 31 54 167 
-19 107 333 395 342 311 216 70 -595 -898 -975-1022 -970 -568 

10 260 320 310 300 235 100 -280 -700 -900-1050-1080 -780 -110 
40 39 23 18 17 37 27 112 89 36 31 54 173 
24 278 300 307 304 219 104 -209 -662 -900-1047-1111 -737 

140 190 240 230 230 60 -580 -920-1050-1130 -980 -230 
57 22 21 29 21 24 124 37 33 39 100 
179 189 242 231 221 61 -543 -911-1037-1111 -868 

-280 30 165 150 140 115 30 -270 -470 -910-1040-1165-1030 -300 
25 16 13 23 28 22 18 82 49 38 33 95 

-277 32 159 144 149 114 35 -474 -901-1051-1129 -989 

-150 5 35 30 20 30 30 -200 -300 -870-1060-1170-1030 -300 
32 13 18 24 29 20 14 67 91 41 29 81 

-150 7 35 17 10 32 31 -256 -867-1046-1170-1069 

30 20 -100 -100. -20 20 -230 -860-1090-1220-1020 -260 
13 22 21 26 28 19 89 116 50 30 92 
31 6 -104 -83 -21 23 -225 -831-1116-1219-1060 

5 -130 -160 -180 -130 10 -240 -930-1160-1220 -970 -180 
16 17 19 22 16 13 96 40 29 74 
6 -127 -167 -187 -129 10 -927-1164-1206-1038 

-160 -230 -220 -255 -160 60 -340-1080-1210-1250 -800 -130 
37 21 14 16 17 23 77 46 38 94 

-154 -241 -225 -247 -157 59 -1041-1219-1260 -809 

-300 -330 -280 -70 -1040-1220-1220 -560 
20 15 72 52 54 80 

-295 -283 -1001-1302-1255 -546 

-370 -1400 
39 

-1381 



SURFACE VELOCITY VARIATIONS OF  THE LOWER PART OF COLUMBIA GLACIER, ALASKA, 1977-1981 H37 

Flight interval 15 (June 11 to July 30, 1978) 

u-component v-component 



STUDIES OF COLUMBIA GLACIER, ALASKA 

Flight interval 16 (July 30 to  August 26, 1978) 

u-component 

20 21 22 23 24 25 26 

50 -80 -180 

v-component 



SURFACE VELOCITY VARIATIONS OF THE LOWER PART OF COLUMBIA GLACIER, ALASKA, 1977-1981 H39 

Flight interval 17 (August 26 to November 8, 1978) 

u-component v-component 

19 20 21 22 23 24 25 26 19 20 21 22 23 24 25 26 

10 -160 -250 -230 -420 -430 
49 43 27 14 

-245 -414 -431 

85 45 -140 -280 -330 -135 -305 -500 -485 -410 
50 11 22 35 26 10 38 23 20 

86 43 -148 -271 -330 -303 -489 -480 

50 10 -60 -250 -290 -140 -390 -600 -600 -425 
5 1 7 10 38 25 21 48 44 45 

50 8 -73 -235 -285 -364 -597 -599 

0 40 50 0 -110 -120 -440 -760 -800 -520 
52 5 11 23 49 30 71 62 73 

0 39 53 28 -114 -453 -749 -825 

10 80 150 160 90 -100 -510 -840 -895 -600 
53 5 13 20 18 22 65 60 50 50 

10 78 147 167 93 -512 -816 -882 -580 

-40 -50 40 115 35 -560 -800 -830 -610 -110 
54 24 25 28 13 18 71 27 30 61 

-43 -50 48 115 37 -590 -811 -863 -613 

-60 -150 -160 -50 90 70 -90 -550 -790 -820 -630 -240 
55 16 11 19 23 16 15 36 31 26 45 

-59 -150 -158 -48 83 70 -541 -777 -817 -638 

-40 -60 -50 50 135 90 -90 -570 -810 -820 -710 -400 
56 15 26 36 29 18 25 71 33 34 42 95 

-41 -71 -41 72 136 92 -619 -824 -831 -714 -406 

15 35 115 205 180 120 40 -90 -560 -800 -780 -670 -440 -90 
57 9 23 40 28 19 29 20 65 31 23 41 84 

16 38 111 200 168 118 40 -597 -808 -782 -675 -454 

10 100 230 290 250 170 75 -90 -530 -760 -760 -680 -460 -160 
58 17 36 27 21 22 27 15 91 27 13 25 80 53 

10 88 229 299 251 171 74 -580 -761 -759 -695 -518 -142 

0 130 280 300 275 210 135 20 -60 -460 -690 -750 -720 -600 -270 -30 
59 25 29 27 16 19 23 22 31 87 41 20 19 57 89 

16 135 269 303 268 194 131 23 -423 -712 -745 -720 -620 -276 

-10 95 240 275 245 230 165 40 -20 -240 -620 -725 -745 -720 -440 -70 
60 32 24 25 18 13 19 21 13 80 63 23 21 33 104 

-11 95 238 275 249 231 162 40 -168 -574 -706 -735 -723 -419 

30 160 220 235 225 160 40 -100 -510 -700 -775 -815 -620 -150 
6 1 25 32 13 12 11 8 19 69 75 21 20 37 38 

28 154 222 239 224 159 42 -117 -512 -705 -770 -823 -594 

70 175 185 160 100 35 -380 -680 -815 -900 -700 -270 
62 37 17 20 23 28 20 81 28 32 31 131 

69 172 192 156 91 41 -370 -671 -816 -888 -746 

-75 0 85 100 80 65 35 -50 -300 -700 -850 -950 -800 -360 
63 14 12 16 19 29 21 15 59 56 32 34 93 

-76 -2 88 110 72 65 36 -283 -658 -854 -962 -862 

-50 5 15 -10 -10 10 10 -50 -220 -710 -890-1000 -890 -400 
64 18 8 16 20 24 13 11 41 81 33 24 53 

-51 4 15 9 -12 7 11 -230 -692 -898-1013 -901 

0 -25 -100 -115 -80 -10 -190 -710-1000-1110 -940 -320 
65 8 16 17 28 16 16 55 86 40 32 52 

-1 -23 -86 -123 -84 -10 -208 -752 -976-1129 -964 

-60 -80 -170 -220 -160 -10 -240 -850-1170-1240 -940 -200 
66 12 13 22 21 21 14 69 47 28 93 

-61 -83 -144 -210 -173 -10 -861-1152-1241 -945 

-80 -185 -250 -280 -215 -25 -300-1100-1410-1420 -920 -90 
67 19 26 18 16 11 27 93 57 39 65 

-83 -184 -237 -280 -217 -26 -1165-1412-1367 -919 

-225 -270 -310 -240 -1340-1720-1650 -800 
68 18 19 64 48 67 145 

-230 -304 -1409-1714-1577 -775 

-200 -1900 
69 100 

-2061 



H40 STUDIES OF  COLUMBIA GLACIER, ALASKA 

Flight interval 18 (November 8, 1978, to January 6, 1979) 

u-component v-component 



SURFACE VELOCITY VARIATIONS OF  THE LOWER PART OF COLUMBIA GLACIER, ALASKA, 1977-1981 H4 1 

Flight interval 19'-y 6 to April 12, 1979) 

u-component v-component 



H42 STUDIES OF COLUMBIA GLACIER. ALASKA 

Flight interval 20 (April 12 to August 18, 1979) 

U-component v-component 



SURFACE VELOCITY VARIATIONS OF THE LOWER PART OF COLUMBIA GLACIER, ALASKA, 1977-1981 H43 

Flight interval 21 (August 18 to October 20, 1979) 

u-component v-component 

19 20 21 22 23 24 25 26 19 20 21 22 23 24 25 26 

40 -100 -205 -210 -340 -370 
4 9 49 37 15 

-249 -363 -378 

95 50 -80 -190 -180 -145 -280 -430 -410 -345 
50 11 29 24 25 13 50 16 20 

96 60 -79 -208 -184 -277 -430 -418 

55 50 -35 -155 -170 -150 -320 -490 -480 -370 
5 1 5 10 30 30 27 52 35 54 

55 50 -18 -153 -181 -283 -474 -479 

25 55 40 0 -60 -120 -340 -610 -690 -430 
52 6 5 23 40 34 34 62 59 

25 55 49 -18 -89 -310 -619 -674 

10 20 90 135 70 -95 -410 -670 -730 -480 
53 6 18 16 17 20 91 49 49 45 

10 20 103 135 67 -374 -688 -706 -491 

-15 -35 50 90 25 -490 -670 -710 -480 -90 
54 19 25 24 7 10 58 27 26 34 

-13 -27 42 89 25 -506 -659 -686 -457 

-55 -130 -120 -20 50 25 -70 -460 -630 -650 -510 -150 
55 14 15 19 22 22 22 52 30 25 60 

-56 -132 -118 -21 60 30 -446 -634 -653 -511 

-40 -75 -40 50 80 50 -90 -450 -640 -665 -540 -210 
56 11 20 29 23 14 21 53 27 27 31 79 

-40 -71 -20 42 77 48 -484 -641 -675 -547 -260 

5 20 95 145 130 90 30 -100 -430 -635 -640 -520 -270 -50 
57 12 21 33 28 18 21 15 57 26 22 38 60 

5 16 93 149 135 94 28 -442 -627 -628 -527 -290 

20 85 170 225 200 140 60 -90 -410 -600 -590 -500 -320 -110 
58 17 26 30 23 18 19 11 67 30 14 20 58 38 

20 87 167 227 205 136 59 -410 -574 -590 -502 -338 -113 

15 110 205 250 205 155 90 15 -40 -340 -530 -580 -530 -400 -200 -20 
59 20 23 19 16 19 17 18 26 68 29 21 19 41 70 

14 97 204 261 214 157 86 14 -286 -512 -570 -529 -411 -225 

10 90 190 215 185 160 95 25 -10 -170 -410 -540 -555 -500 -290 -60 
60 31 26 23 16 13 18 20 12 88 56 20 22 31 100 

6 86 189 223 194 160 91 25 -176 -382 -543 -550 -504 -316 

40 85 160 165 160 85 30 -20 -260 -515 -570 -580 -410 -110 
6 1 19 29 15 13 10 18 15 54 67 24 22 34 84 

30 84 170 169 162 81 29 -52 -315 -516 -577 -584 -432 

70 125 135 125 85 20 -150 -490 -600 -635 -520 -200 
62 32 15 16 16 12 16 70 25 25 21 57 

53 128 148 123 83 18 -235 -484 -598 -634 -515 

-60 15 75 80 70 50 15 -60 -100 -480 -615 -665 -630 -270 
63 14 12 11 16 18 17 16 58 41 27 21 76 

-62 14 76 87 76 47 15 -140 -477 -619 -660 -607 

-35 25 25 5 -5 0 15 -30 -100 -490 -630 -725 -650 -320 
64 19 8 12 16 22 18 Ll 38 59 26 22 73 

-31 24 25 14 -15 -1 15 -129 -488 -648 -721 -648 

25 5 -45 -60 -45 0 -120 -510 -700 -770 -670 -320 
65 7 16 15 23 17 16 45 83 35 26 57 

25 7 -41 -65 -46 0 -91 -549 -711 -783 -672 

5 -50 -100 -130 -115 -5 -110 -600 -840 -870 -660 -310 
66 12 12 18 20 11 14 65 39 27 48 

4 -47 -86 -140 -117 -6 -603 -828 -873 -685 

-50 -115 -125 -165 -125 5 -220 -820-1020-1000 -650 -290 
67 16 16 14 17 15 24 57 45 40 84 

-51 -115 -121 -161 -126 -1 -865-1028 -969 -626 

-210 -115 -210 -100 -930-1220-1180 -620 
68 14 16 51 37 57 76 

-205 -217 -953-1217-1156 -548 

-90 -1600 
69 75 - 1455 



STUDIES OF COLUMBIA GLACIER, ALASKA 

Flight interval 22 (October 20, 1979, to  February 29, 1980) 

u-component v-component 

19 20 21 22 23 24 25 26 

-270 -450 -520 
56 33 12 

-258 -459 -523 

-140 -370 -590 -550 -420 
48 16 16 

-352 -595 -552 

-165 -440 -740 -680 -490 
59 60 84 

-432 -690 -708 

-120 -500 -900 -900 -550 
85 101 108 

-431 -882 -945 

-90 -590 -950-1030 -640 
126 74 53 60 

-658 -983-1032 -691 

-640 -940-1010 -700 -100 
73 22 43 51 

-625 -936 -977 -701 

-80 -690 -910 -960 -770 -180 
74 44 34 85 

-657 -917 -963 -777 

-110 -720-1020-1000 -810 -270 
62 36 38 44 112 

-712 -985 -980 -816 -361 

-120 -700 -940 -940 -830 -400 -50 
79 30 25 51 83 

-694 -940 -939 -817 -466 

-100 -600 -900 -920 -840 -550 -140 
88 42 17 27 87 46 

-652 -912 -923 -840 -544 -131 

-80 -500 -850 -915 -870 -710 -270 -20 
103 55 16 19 58 92 

-482 -839 -909 -875 -716 -289 

-20 -320 -700 -880 -910 -850 -500 -50 
117 85 15 19 27 98 

-389 -694 -878 -920 -862 -479 

-150 -590 -860 -965-1015 -700 -110 
71 107 26 19 46 122 

-182 -571 -852 -965-1010 -682 

-480 -860-1020-1100 -850 -160 
114 33 23 27 80 

-456 -852-1024-1088 -876 

-80 -380 -860-1080-1170-1000 -220 
89 67 20 23 101 

-328 -857-1080-1170-1009 

-40 -290 -890-1140-1260-1100 -270 
51 98 37 33 82 

-321 -924-1120-1249-1118 

-200 -940-1300-1400-1160 -260 
58 113 53 42 68 

-226 -924-1297-1395-1171 

-190-1050-1470-1510-1200 -200 
80 56 34 113 

-1112-1427-1519-1205 

-280-1220-1740-1720-1250 -200 
105 33 53 149 

-1382-1742-1706-1178 

-1550-2050-1980-1000 
80 82 116 153 

-1585-2041-1928 -958 

-2550 
100 

-2419 



SURFACE VELOCITY VARIATIONS OF THE LOWER PART OF COLUMBIA GLACIER, ALASKA, 1977-1981 H45 

Flight interval 23 (February 29 to May 12, 1980) 

u-component v-component 

19 20 21 22 23 24 25 26 19 20 21 22 23 24 25 26 

30 -220 -330 -370 -610 -610 
4 9 

-319 62 -604 36 -606 15 

125 65 -170 -390 -370 -160 -450 -710 -675 -450 
50 13 42 47 27 16 72 32 21 

123 60 -156 -385 -367 -423 -712 -673 

60 70 -30 -240 -300 -190 -510 -900 -800 -540 
5 1 8 15 61 51 39 77 69 92 

60 70 -3 -245 -294 -536 -907 -877 

45 65 100 30 -100 -150 -550-1060-1080 -640 
52 9 16 27 87 59 97 71 128 

45 64 107 63 -82 -522-1082-1181 

30 50 100 250 120 -100 -640-1150-1220 -770 
53 9 30 35 21 37 151 104 61 84 

30 53 118 248 117 -812-1258-1261 -823 

-25 -50 100 150 50 -730-1130-1220 -850 -200 
54 39 43 57 16 15 118 47 61 74 

-22 -41 103 149 49 -798-1135-1187 -863 

-70 -200 -180 -50 110 90 -100 -820-1150-1200 -920 -370 
55 24 24 36 42 32 14 83 58 46 88 

-70-198 -190 -59 116 90 -823-1150-1211 -939 

-50 -150 -50 70 160 100 -180 -920-1180-1220-1000 -500 
56 16 22 45 40 27 28 59 42 47 61 108 

-50 -148 -34 75 154 93 -895-1182-1211 -984 -505 

0 50 200 310 280 165 50 -200 -850-1150-1150 -950 -560 -50 
57 21 35 47 38 30 42 26 95 36 30 64 122 

-2 56 203 295 289 169 50 -873-1162-1140 -963 -592 

20 125 380 415 360 240 90 -160 -720-1100-1110 -970 -650 -200 
58 26 46 46 39 28 37 20 117 46 24 32 111 72 

22 141 369 408 364 222 89 -790-1110-1116 -986 -685 -197 

10 200 415 460 400 280 150 20 -80 -560-1010-1075-1025 -830 -330 -40 
59 29 44 51 18 24 23 28 39 132 76 22 24 55 114 

10 213 415 459 402 274 148 21 -582 -957-1071-1027 -846 -348 

-5 160 360 390 340 325 170 30 -30 -400 -850-1025-1045-1010 -500 -50 
60 44 39 37 20 14 22 26 17 129 92 25 23 37 132 

-3 161 345 394 344 318 166 30 -398 -863-1016-1059-1000 -559 

50 250 325 315 350 170 25 -200 -630 -990-1080-1110 -740 -90 
6 1 29 55 17 13 18 33 25 81 127 28 22 60 153 

56 227 329 317 341 174 24 -179 -602 -987-1066-1092 -765 

140 250 260 230 150 40 -500 -940-1110-1180 -950 -280 
62 59 21 19 25 24 22 129 34 30 33 114 

111 246 267 239 149 39 -507 -943-1106-1179 -984 

-80 40 130 140 130 100 30 -80 -400 -910-1125-1225-1050 -370 
63 15 16 17 24 20 25 20 82 60 40 24 108 

-79 39 132 144 121 102 28 -397 -945-1123-1208-1028 

-60 25 40 10 5 20 10 -65 -300 -900-1160-1255-1110 -390 
64 22 11 16 24 29 20 13 55 82 41 29 79 

-60 25 38 -5 16 28 10 -269 -867-1126-1248-1116 

10 -30 -110 -115 -70 0 -220 -920-1210-1285-1140 -300 
65 12 12 21 39 28 9 77 66 49 44 94 

9 -29 -107 -115 -63 0 -223 -901-1200-1309-1129 

-25 -100 -155 -175 -145 -5 -190-1000-1275-1325-1110 -350 
66 16 21 20 27 21 22 115 42 36 93 

-26 -105 -157 -165 -142 -5 -927-1270-1347-1107 

-60 -150 -230 -200 -150 -30 -220-1050-1350-1400-1000 -330 
67 17 23 20 23 16 32 81 64 55 92 

-62 -149 -219 -199 -151 -34 -1072-1337-1428-1007 

-150 -150 -210 -180 -1030-1460-1480 -820 
68 14 33 52 54 117 82 

-152 -194 -1074-1449-1416 -789 

-120 -1520 
69 49 

-1552 



STUDIES OF COLUMBIA GLACIER, ALASKA 

Flight interval 24 (May 12 t o  July 22, 1980) 

u-component v-component 



SURFACE VELOCITY VARIATIONS OF THE LOWER PART OF COLUMBIA GLACIER, ALASKA, 1977-1981 H47 

Flight interval 25 (July 22 to September 2, 1980) 

u-component v-component 



STUDIES OF COLUMBIA GLACIER, ALASKA 

Flight interval 26 (September 2 to October 30, 1980) 

u-component 
- 

v-component 

19 20 21 22 23 24 25 26 

-270 -415 -420 
58 31 25 

-262 -417 -419 

-120 -320 -500 -470 -380 
48 23 40 

-345 -505 -486 

-130 -380 -600 -580 -415 
45 36 63 

-385 -600 -579 

-130 -480 -750 -840 -520 
88 74 77 

-463 -755 -794 

-110 -470 -810 -910 -600 
115 60 64 91 

-473 -840 -863 -577 

-500 -760 -800 -560 -90 
108 41 37 38 

-533 -788 -815 -602 

-90 -530 -750 -760 -585 -240 
51 31 32 35 

-559 -744 -782 -583 

-150 -600 -770 -800 -660 -340 
65 32 39 44 59 

-558 -772 -781 -633 -302 

-130 -620 -725 -720 -600 -370 -50 
59 26 24 38 73 

-561 -731 -700 -573 -253 

-90 -500 -680 -665 -580 -400 -100 
91 28 16 24 85 100 

-475 -657 -662 -561 -368 -61 

-40 -280 -620 -640 -590 -460 -180 -20 
94 38 24 20 43 113 

-370 -590 -635 -587 -431 -151 

-10 -160 -440 -600 -610 -570 -300 -65 
64 63 22 24 36 94 

-162 -496 -599 -590 -542 -295 

-90 -300 -540 -590 -590 -400 -100 
55 79 26 24 39 88 

-74 -348 -559 -592 -597 -422 

-280 -520 -590 -650 -500 -180 
62 28 26 30 86 

-277 -533 -607 -641 -516 

-60 -230 -480 -585 -650 -560 -200 
55 38 28 24 51 

-207 -503 -598 -637 -572 

-25 -140 -430 -575 -630 -590 -220 
41 51 23 23 57 

-129 -511 -603 -659 -627 

-90 -420 -620 -655 -600 -200 
47 71 34 27 54 

-109 -453 -649 -684 -620 

-90 -500 -650 -680 -560 -200 
93 33 23 42 

-537 -664 -666 -577 

-150 -610 -710 -700 -540 -200 
37 37 33 58 

-584 -708 -710 -506 

-725 -760 -720 -490 
56 37 32 78 

-608 -716 -736 -375 

-760 
100 

-646 



SURFACE VELOCITY VARIATIONS OF THE LOWER PART OF COLUMBIA GLACIER, ALASKA, 1977-1981 H49 

Flight interval 27 (October 30, 1980, to March 7, 1981) 

u-component v-component 

19 20 21 22 23 24 25 26 19 20 21 22 23 24 25 26 

-20 -190 -320 -320 -550 -550 
69 33 19 

-299 -544 -549 

120 10 -180 -370 -370 -160 -400 -670 -625 -500 
11 32 25 20 17 54 17 15 
120 6 -178 -366 -369 -387 -670 -625 

50 25 -120 -260 -350 -200 -510 -800 -740 -560 
10 8 23 39 38 41 26 71 
50 25 -115 -257 -349 -509 -802 -753 

25 70 90 20 -100 -200 -580-1000-1000 -640 
9 17 39 76 45 109 103 112 
25 69 101 50 -99 -631 -982-1033 

25 70 160 220 120 -150 -600-1050-1100 -700 
10 28 22 26 41 141 67 75 93 
25 69 161 222 117 -676-1082-1115 -748 

-20 -35 60 140 50 -620-1000-1060 -730 -100 
50 48 41 14 17 150 53 44 64 
-18 -31 65 140 49 -709-1000-1047 -749 

-90 -170 -180 -50 100 90 -70 -680 -965-1015 -790 -220 
24 20 25 37 21 28 70 41 41 58 
-89 -171 -189 -40 102 88 -730 -981-1047 -780 

-100 -140 -70 90 175 100 -160 -760 -975 -995 -920 -320 
11 31 49 36 25 32 84 45 43 85 122 
-99 -134 -64 77 164 98 -739 -984-1009 -829 -359 

-30 10 120 230 210 130 20 -180 -790 -955 -920 -840 -420 -50 
19 25 35 31 20 31 25 68 27 25 60 89 
-29 11 118 219 210 138 18 -733 -948 -923 -806 -406 

20 120 270 320 305 180 60 -120 -680 -885 -870 -770 -480 -140 
47 47 27 19 17 35 36 119 27 12 20 106 128 
17 121 285 317 297 189 63 -634 -876 -874 -773 -492 -124 

35 170 310 350 310 230 110 20 -40 -500 -800 -835 -810 -610 -220 -10 
53 43 20 17 15 24 38 42 130 30 21 15 58 151 
33 159 318 352 304 232 105 21 -480 -799 -838 -809 -625 -226 

25 150 250 295 285 265 150 40 -20 -320 -690 -775 -810 -740 -400 -50 
47 18 33 13 11 22 25 16 59 81 16 19 38 124 
23 150 274 293 281 271 149 40 -321 -689 -771 -800 -722 -406 

40 170 250 240 260 150 60 -130 -560 -755 -805 -830 -590 -110 
24 44 16 9 9 20 26 68 102 25 16 28 92 
37 183 247 238 262 153 60 -141 -561 -738 -802 -816 -560 

70 175 195 180 120 60 -440 -715 -815 -840 -680 -190 
39 17 14 25 26 23 85 28 22 33 122 
67 170 192 192 128 61 -408 -711 -822 -860 -710 

-70 20 100 100 105 90 40 -65 -330 -690 -825 -880 -750 -280 
11 14 13 14 19 13 15 68 46 24 23 59 
-71 21 101 101 111 89 40 -331 -678 -816 -880 -765 

-60 15 60 10 20 25 20 -30 -240 -660 -830 -910 -810 -310 
20 9 13 15 17 18 11 47 67 24 17 72 
-60 14 56 9 32 29 20 -267 -712 -840 -908 -837 

20 -10 -60 -50 -20 15 -190 -650 -870 -950 -820 -300 
8 17 16 21 18 9 56 91 38 24 60 
21 -9 -65 -48 -20 15 -190 -668 -902 -953 -848 

-15 -60 -115 -120 -70 10 -180 -710 -920 -960 -800 -280 
15 16 17 15 17 18 87 36 20 75 
-16 -62 -115 -115 -68 8 -749 -921 -956 -834 

-50 -130 -145 -135 -95 35 -240 -800 -990-1000 -760 -320 
16 15 12 14 15 24 53 37 33 86 
-47 -129 -150 -133 -94 30 -814 -997-1009 -704 

-220 -150 -110 -15 -1000-1060-1020 -700 
22 15 77 45 55 111 

-222 -109 -881-1052-1041 -551 

-50 -1060 
35 

-1066 
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Flight interval 28 (March 7 to June 16, 1981) 

u-component v-component 



SURFACE VELOCITY VARIATIONS OF THE LOWER PART OF COLUMBIA GLACIER, ALASKA, 1977-1981 H51 

Flight interval 29 (June 16 to September 1, 1981) 

u-component v-component 

19 20 21 22 23 24 25 26 19 20 21 22 23 24 25 26 

70 -120 -220 -280 -415 -420 
49 66 34 15 

-373 -429 -437 

125 60 -100 -260 -150 -120 -300 -475 -460 -400 
50 13 29 42 29 15 50 28 23 

128 67 -57 -277 -160 -332 -472 -475 

65 50 -50 -130 -100 -130 -400 -610 -560 -440 
5 1 10 11 37 31 31 57 42 56 

66 50 -56 -126 -122 -364 -582 -536 

25 25 20 20 -25 -120 -490 -750 -710 -510 
52 7 12 33 66 39 74 89 98 

25 25 54 12 -97 -416 -612 -647 

-60 -80 70 -85 -100 -90 -550 -815 -800 -600 
53 9 17 22 23 27 84 66 65 62 

-60 -83 76 -74 -110 -480 -792 -803 -569 

0 -10 50 170 65 -600 -820 -790 -560 -80 
54 38 32 37 14 12 114 34 40 63 

-2 31 44 161 66 -679 -821 -795 -523 

-80 -150 -120 0 100 130 -60 -600 -810 -770 -590 -210 
55 20 21 24 27 15 15 73 40 30 40 

-79 -154 -123 7 96 131 -519 -741 -726 -543 

-95 -105 -55 70 110 75 -120 -580 -775 -785 -630 -340 
56 8 20 35 30 16 14 37 32 35 36 55 

-96 -115 -33 81 111 82 -556 -764 -776 -623 -276 

-30 -15 50 155 155 110 30 -100 -550 -725 -750 -560 -350 -40 
57 20 25 33 27 17 21 16 48 26 30 37 60 

-32 -26 69 166 147 115 36 -505 -725 -722 -592 -307 

-20 20 125 235 240 170 75 -50 -520 -640 -650 -540 -380 -30 
58 40 40 50 22 16 19 20 82 22 27 18 56 85 

-68 -13 163 253 246 175 81 -470 -648 -625 -541 -357 -66 

-15 25 200 290 255 210 120 40 -40 -360 -600 -585 -560 -460 -130 -10 
5 9 56 48 52 20 16 18 23 29 108 32 29 16 44 94 

-60 18 206 289 255 215 133 38 -360 -610 -606 -566 -442 -188 

-20 20 80 220 220 205 150 60 -20 -200 -415 -520 -555 -515 -250 -50 
60 42 40 56 22 13 14 18 13 114 52 26 17 24 88 

-36 9 170 238 217 205 156 59 -277 -443 -566 -555 -522 -299 

5 45 180 190 190 150 60 -80 -350 -515 -575 -580 -410 -90 
6 1 20 34 24 12 12 15 17 56 79 22 19 34 68 

7 72 171 180 193 153 58 -154 -452 -531 -584 -611 -415 

20 115 150 155 100 60 -300 -500 -590 -625 -520 -200 
62 35 20 14 18 18 18 77 25 23 24 82 

43 124 144 148 99 58 -268 -488 -590 -625 -521 

-80 -25 80 110 80 80 65 -75 -250 -515 -600 -660 -600 -250 
63 12 15 10 14 14 13 12 52 30 24 17 58 

-80 -23 79 103 84 82 64 -219 -473 -610 -689 -592 

-50 10 30 0 25 70 60 -60 -190 -505 -620 -685 -635 -270 
64 19 12 11 16 20 14 9 43 42 27 20 55 

-53 6 36 37 8 55 60 -189 -463 -633 -713 -624 

15 0 -30 -40 50 55 -100 -500 -700 -775 -680 -260 
65 11 14 12 19 16 10 52 57 27 21 53 

14 1 -21 -41 41 55 -136 -509 -658 -770 -635 

-10 -30 -90 -80 10 50 -120 -590 -795 -850 -670 -200 
66 15 18 15 20 20 17 59 32 27 88 

-14 -33 -63 -81 -14 53 -544 -802 -852 -661 

-35 -80 -90 -50 -10 60 -180 -660 -950 -980 -600 -240 
67 20 25 13 13 11 22 79 42 31 72 

-40 -74 -77 -52 -14 59 -794 -984 -912 -655 

-80 20 0 -25 -800-1170-1200 -700 
68 20 19 47 44 69 101 

-78 -2 -854-1145-1019 -663 

00 -1400 
69 120 

-1314 



H52 STUDIES OF COLUMBIA GLACIER, ALASKA 

APPENDIX B: TERMINUS POSITION AS A 
FUNCTION OF TIME 

The y-coordinate of the terminus position is given in 
meters for the date of each flight (table I), for selected 
equally spaced x-coordinates, also in meters. The num- 
bers in parentheses are the j-numbers of five columns of 
the square grid to which the indicated x-coordinates 
correspond. Row i=69 is at y= 13,036 meters. The ter- 
minus positions were measured from the vertical aerial 
photographs, printed at  a scale of about 1:20,000. The 
terminus did not separate from Heather Island (fig. 3) 
until late 1978, between the dates of flights 18 and 19, as 

shown by the values for s=8,224 m. Because the y- 
coordinate increases upglacier, terminus retreat is indi- 
cated where the value in the table increases down the 
page. 

For an analysis of the changes in terminus position, see 
Meier and others (1985a), in which the changes are 
described in a different coordinate system. They are 
given here only to supplement the velocity-geometry 
data set. Therefore, they are given here in the x,y 
coordinate system (eq. 3), which is compatible with the 
square grid on which the other variables of the data set 
are given. 

F l i g h t  ( 2 1 )  ( 2 2 )  ( 2 3 )  ( 2 4 )  ( 2 5 )  
Number 

- -- 
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